THE EXPANSION OF A FUNCTION IN TERMS OF 
NORMAL FUNCTIONS.* 
MAX MASON, 


In an article published in these Transactions} the author has proved the 
existence of normal functions for the differential equation 


(1) y+ p(x)y + [AA(x) — B(x) ]y =0 
and the boundary conditions 
ay(4)+4,y(b) (a) + ay(b)=9, 
by (a) + b,y(b) + b,y'(a) + b,y'(b) =9, 


by a method which sets in evidence the properties of the normal functions as 
solutions of minimum problems. It was shown that this point of view is useful 
in deriving oscillation theorems, i. e., in investigating the zeros of the functions. 

It is the object of this paper to show that the minimal properties of the nor- 
mal functions may be used to prove in a simple manner the possibility of expand- 
ing a function in terms of normal functions. + 

The coefficients p, A, B are supposed to be continuous in the interval (a, d). 
In addition the following assumptions are made, the determinants a,b, — a,b, of 
the coefficients of the equations (2) being denoted by d,, : 


* Presented to the Society September 3 and December 28, 1906, in less general form. Received 
for publication June 27, 1907. 

t Vol. 7 (1906), p. 337. 

t Recent articles of special importance on this subject are those of HILBERT, Grundziige einer 
allgemeinen Theorie der linearen Integralgleichungen, Nachrichten der K. Gesellschaft 
der Wissenschaften zu Gottingen, 1904, 1905, 1906, and KNEsER, Mathematische 
Annalen, vol. 63 (1907), p. 477. These articles are based on the theory of integral equations, 
as developed by HILBERT and SCHMIDT. KNESER removes the restrictions imposed by HIL- 
BERT, that the function be continuous with its first and second derivatives, and satisfy the 
same boundary conditions as the normal functions. In all work on this subject the boundary 
conditions for the normal functions are special cases of equations (2), above, except in the im- 
portant case of singularities of the differential equation. The function A is supposed positive 
in all previous work, except in the fifth memoir of HILBERT’s series, in which, by considering 
a new class of integral equations, the restriction is removed. This restriction will not be made 
in the present article. 
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(2) B(x) =0 
(8) d,, 
(¥) No two of the quantities d,,, d,,, d,,, d,, have opposite signs. 


Equation (f) insures that any two functions w, v which satisfy the boundary 
conditions (2) also satisfy the equation * 


(3) [ P = 0 (p—/™) 
On account of (+) the quantity 

— [Pyy']. 
is positive or zero for any function y which satisfies (2). Under these assump- 
tions the following theorem holds : + 


There exists an infinite series of normal parameter values X, and corre- 
sponding solutions (normal functions) y, of the differential equation (1) and 
the boundary conditions (2). If A changes sign in (a, b), the values X, include 

an infinite series of positive terms, \, =r, =r, =A,= ---, increasing without 
> => 


limit, and an infinite series of negative terms, \_, = =A_, 


decreasing without limit.t The function y, satisfies the conditions § 
b 
PAydx=+1, 


PAyyde = 0 [i =+1,+2,---,+(n—1)], 


and gives to the expression 
J(y) -{ (y + By) — [yy'P]; 


its least possible value consistent with these conditions and with equations (2). 
This minimum value of J is + 
On the basis of these properties the following theorem will be proved : 


A function f(x) which satisfies the boundary conditions (2), is continuous 
within (a, b), and has a derivative which is continuous except at a finite num- 
ber of points, may be expanded in a uniformly and absolutely converging 
series of the form 


*See page 349 of the article cited. 

t Ibid., page 356. 

{If A does not change sign, there are no normal parameter values of sign opposite to that of 
A. Incase B=0, 2, or 4_, may be zero. 

2 The upper or lower signs are to be taken according as 7, is positive or negative. 
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+ C_,¥_, + C_.Y_, 
where 


C.,= +f 


§1. A property of the constants c,. 


By consideration of the expression J it will be proved that the series 


are convergent. 
If « and v are two functions satisfying the boundary conditions, then 


+ 27,(u, v), 


where 


v) =f (we + Buv) Pdx — [u'P]'. 
Then, since J(y,) = 2, for positive subscripts, 


(4) I(r- = If) + Ved +2 


i, k=1 


Now the function y, satisfies the differential equation (1) for X = A,, or on mul- 
tiplying (1) by P= 
(Py,) + AA B) Py, = 9. 


Therefore, 


= s[BPy,- dx= [ =e, 
Similarly, 


Since the left member of equation (4) is positive or zero, it follows that what- 
ever be n, 


But the terms of the series are positive. Therefore the series 


cA, 
i=l 


9 
> C; A, 
i=-l 
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is convergent. The convergence of the series with negative subscripts is proved 
i ideri —n 
in the same way by considering J( f— S°>"_,¢,y;)- 


$2. Convergence of the series. 


Consider the terms with positive subscripts, and write 


n+m 


Cues = LAG 


If n be taken sufficiently large, each function y, will have at least one zero a; 
in the interval (a, 6),* and 


n+m ex 
i=n aj 


Now r* + s’ = 2rs for any two numbers 7, s, and therefore 


2 
2 <9 2 
a 


Furthermore, for all values of the parameter », the expression 


| (uty, + 2m fo ff y, dx 


has the sign of «—a,. The discriminant of this form is then not negative, 


ex 2 ab 


dx = J(y;) = 


that is, 
But 


and therefore 


n+m 
i=n 


Since the series 


* This follows at once from one of the simplest of STURM’s well-known results. It may be 
proved for the case here considered as follows: Let u be a function having « and / for consecu- 
tive zeros in an interval where A > 0, and satisfying (1) for 2 inside (a, 3). The existence 
of such a function is assured by the theorem stated in the introduction. From the differential 
equations for u and y; it follows that 


(4, —7) f* PAuy, dz. 


Determine the sign of « to be positive in (a, 3). Then u’(/3) <0, u’/(a) >0, since u cannot 
vanish together with its derivative. Now A> 0 in (a, 3), and therefore it follows from the 
above equation that y, must change sign in (a, 3) if%, >. 


| 
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is convergent, it follows that the series 


converges uniformly and absolutely. The convergence of the series of terms 
with negative subscripts is proved in the same way. 


§ 3. The series represents the function. 


Since the series converges uniformly, the difference 


S- > CY,=9 
is a continuous function. On multiplying this equation by PAy, and integra- 
ting from a to b, the equation 


b 
(5) PAy,gdx = 9 


results, whatever be i. This equation is sufficient to insure that g is identically 
zero. It will be shown that on assumption of the contrary a function y may be 
formed, which has a continuous derivative and satisfies the boundary conditions 
(2) and the equations 


(6) PAyyde = 0 (i=+1, +2, +3,---), 


b 
(7) PAy'dx= +1. 


Suppose such a function exists. The value of the expression 


b 
P(y” + By*)de — [yy’ 


is less than A, and —2_, if n be taken sufficiently large, since these values 
increase without limit with n. Now y satisfies all the conditions of the mini- 
mum problem of which either y, or else y_, is the solution, according as (7) 
holds with upper or lower sign. But it gives to J a value less than the smallest 
value X, or — A_, consistent with the conditions. Such a function y can there- 
fore not exist. 

It remains to show that if the difference g is not identically zero, a function y 
satisfying the boundary conditions (2) and the equations (6) and (7) can be 
formed. Let X be a value which is not a normal parameter value. Then there 
exists a solution of the equation 


(Pu') + (AA — B)Pu= PAg 


under the boundary conditions (2). From this equation and 


q 
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+ (4A — B) Py, = 0 


it follows, on account of (5), that 


b b 
fy,( Pu’) —u(Py;) }de=(A,- x) PAy,udz. 


The left member vanishes after an integration by parts, on account of equation 
(3). Therefore, since X + 2,, the equations (6) are satisfied by the function w. 
On multiplying wu by a constant the equation (7) may be satisfied also, unless 


PAwtde = 0. 


Suppose, however, that this equation holds. Solve the equation 
(Po') + — B) Pv = PAu 


under the boundary conditions (2). This function satisfies (6), the proof being 
the same as before, except that g is replaced by w. Hence the desired function 
y may be formed by multiplying v by a constant so that (7) will hold, unless 


[ PAcde = 0. 


Suppose again that this is the case. Consider then the function 


which satisfies (2) and (6). Now 
PAw*de =— 2f PAuvdz = — af { v( — dx=2J(v)>0. 


The required function y may, therefore, be formed in any case, unless g is 
identically zero. It follows that the series represents the function. 
At a later time I hope to extend this method to more general cases. 


SHEFFIELD SCIENTIFIC SCHOOL, 
YALE UNIVERSITY. 
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SUR LES OPERATIONS LINEAIRES* 


(TROISIEME NOTEt) 
PAR 


MAURICE FRECHET 


Définition du champ. Considérons un champ de fonctions de la variable 
x définies dans lintervalle (0, 27). Je supposerai que si deux fonctions ap- 
partiennent au champ, il en est de méme de leur somme. A toute fonction du 
champ, /(«), nous pourrons faire correspondre un nombre bien déterminé U,. 
Nous définirons ainsi une opération dans ce champ de fonctions. Nous dirons 
que cette opération est distributive, si quelles que soient les fonctions f,(2), 
f,(x) du champ, on a: 

On en conclut en particulier que l’on a pour toute opération distributive : 


(1) cU,=U, 


quelle que soit la constante rationnelle c. Pour que cette relation ait lieu méme 
pour c irrationnel, il suffit que U, satisfasse 4 une certaine condition complé- 
mentaire. Nous allons énoncer plus loin cette condition complémentaire, mais 
nous |’énoncerons d’une maniére particuliere pour chacun des champs de fonc- 
tions que nous allons examiner. 


$1. Opérations linéaires dans le champ (M) des fonctions 
mesurables et bornées. 

Définition. Supposons qu’une opération U, soit définie pour toute fonction 
J (x) mesurable et bornée dans Vintervalle (0, 27). Nous dirons que cette 
opération est continue dans (17), si l’on a: 

lorsque f(x), sont des fonctions du champ (J/) qui sont 
bornées dans leur ensemble et que f(x) tend vers f(x) sauf peut étre en un 


* Presented to the Society September 6, 1907. Received for publication March 8, 1907. 

t Voir Transactions of the American Mathematical Society, vol. 5 (1904), pp. 
493-499 et vol. 6 (1905), pp. 134-140. 

t Voir les Legons sur les séries trigonométriques par H. LEBESGUE, p. 8. 
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ensemble de valeurs de x de mesure nulle. Nous appellerons opération linéaire 
toute opération distributive et continue. Pour une telle opération l’égalité (1) 
aura évidemment lieu quelle que soit la constante c. 

Il est facile de donner des exemples d’opérations linéaires dans le champ 
(7). Telle est par exemple l’opération : 


U,= 


ot h(x) est une fonction mesurable et bornée choisie une fois pour toutes.* 
Au contraire lopération distributive U,= (7) par exemple n’est pas continue 
a notre sens actuel. 

Inversement, étant donnée de facon quelconque une opération linéaire dans le 
champ (7), nous allons chercher 4 en donner une expression analytique. 
Pour cela, nous nous appuierons sur quelques résultats de la théorie des séries 
trigonométriques. 

1°. Toute fonction f(x) mesurable et bornée a une série de Fourier bien 
déterminée, ce que l’on exprime par la notation symbolique : 


(2) f(x)~ 3+ (a, cosx+ 6, sina) (4, cos px + b, sin px) 


Cette notation qui n’implique nullement l’égalité des deux membres est 
équivalente aux relations : 


(2) cos pydy, J(y) sin pydy (p=0,1,2,---). 
2°. En utilisant les sommes de FEJER : 


(3) ( x) = 


on sait qu’on a pour toute fonction /() mesurable et bornée de 0 a 2 
(4) J (x2) =lima,(x), 


sauf peut tre pour un ensemble de valeurs de « de mesure nulle.+ 
De plus, la quantité o,(x) reste comprise quels que soient n et x entre les 
limites supérieure et inférieure de f(#).t 


# Lebesgue, loc. cit., p. 10, 14. 
t Loe. cit., p. 92, 96. 
Loc. cit., p. 98. 
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3°. En appelant s_(2) la somme des n +1 premiers termes de la série de 
Fourier, on sait méme que si f(«) est une fonction variation bornée * dans 
Pintervalle (0, 277), on a: 
(5) J(#)=lim s (2), 

sauf peut étre en un ensemble de valeurs de x de mesure nulle.t De plus la 
quantité s (a) est comprise entre deux nombres fixes quels que soient » et ».t 

Développement de U,. Appliquons lopération U, aux deux membres de 
Pégalité (3). On aura: 


a,2 


nr 


n=n 


en posant : 


1 1 
(7) u=—-U. v =- (p=1, 2,°°-). 


sin px? Pp cos px 
On pourra écrire la formule (6) plus simplement en mettant d’une facon gé- 
nérale une relation telle que: 


sous la forme: 

ATA tA Fa pees 


On voit alors que pour toute fonction f(x) mesurable et bornée déterminée 
par (1), on a: 


(8) + p(a,v, — bu, ) 
U,, sont des constantes indépendantes de la fonction f(x) et 
déterminées par les formules (7). De plus lorsque f(x) est une fonction a 
variation bornée, on peut remplacer dans le développement (8) le signe = par le 
signe =. 

Une propriété importante de ce développement est d'etre unique. D’une 
facon plus précise, si l’on obtient par un moyen quelconque la formule : 


au, 
* Loc. cit., p. 3. 
Tt Loc. cit., p. 73. 
tM. Fatov a bien voulu me faire savoir qu’on peut obtenir cette propriété en appliquant 
l’analyse classique de DIRICHLET A une différence de fonctions positives non croissantes. 


4 
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ou les w’, v’ sont des constantes indépendantes de f(a), ces constantes doivent 
respectivement coincider avec les vw, v. II suffit pour s’en assurer d’appliquer 
l’expression (9) au cas ot f(x) est l'une des fonctions 1, cos pa, sin px, en 
tenant compte de (7). 

Signification des coefficients u,,v,. Nous allons montrer que les coefficients 
ne peuvent étre pris arbitrairement quand l’opération U, n’est pas 
déterminée. Pour cela, appelons ¢,, (x ) la fonction qui est égale A (a — x,)/2 + 7 
pour 0 7/2 pour x = a, et A (a — x,)/2 pour x, = C’est 
une fonction A variation bornée qui a pour série de Fourier: 


T F : sin px, Cos px — cos px, sin px 
+ (sin x, cos — cos a, sin ) + + = 
On a done d’aprés ce qui précéde : 
1 


+ cos x, + v, sin + +++ + (wu, cos px, + v, sin px,) + 


ce qui exige d’abord que les quantités w, v soient telles que le second membre 
soit une série convergente. La somme de cette série est une certaine fonction 
de x,, soit u(2,). Je dis que cette fonction est continue. En effet, on a: 


I] suffit done de montrer que lorsque «/ tend vers «,, la fonction ¢,,(x) — ¢,,(x) 
(qui reste comprise entre — 27 et + 27 quels que soient #, x,, x, ) tend vers zéro 
sauf peut étre en un ensemble de valeurs de x de mesure nulle. Or cela est évi- 
dent, d’aprés la définition de (2). Ainsi la série: 


(10) u(x) =3 + (u, cosx + v, sin + (uw, cos px + sin px) +--- 


représente une fonction continue. Par suite, les quantités w, v sont les coeffi- 
cients de Fourrer de cette fonction * qui est aussi de période 277. En résumé, 
les coefficients u,,u,,v,,--- du développentent (8) d'une opération linéaire sont 
les coefficients de Fourier d’une certaine fonction continue et de période 21, 
u(w). Cette fonction u(x) est déterminée connaissant l’opération U, par la 
formule : 


u(x,) = 


Représentation de U, comme limite dune intégrale double. Réciproque- 
ment, pour exprimer U, connaissant la fonction u() il suffit de remplacer dans 
la formule (8) les uw, v, a, b par leurs expressions comme coefficients de Fourier 
de u(x) et f(x). Par suite @ toute opération linéaire dans le champ (M) 


* Loe. cit., p. 124. 
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correspond une fonction continue et de période 27, u(x), déterminée par la 
formule : 


(11) u(%)= 


telle que l'on puisse mettre U, sous la forme: 


(12) U, = lim x) dedy, 


nu=D 


ou les fonctions 0 (y — x) sont parfaitement déterminées indépendamment de 
la fonction f(x) et del opération U, par la formule: 


+(n—1) sin y+---+ p(n—p) sin py+- --+(n—1) sin (n—1)y 
(18) — 


nT 


Dans le cas ot. f(x) est & variation bornée, on peut remplacer les @ (v) par les 
fonctions plus simples : 


1fil 
(14) VY) = og + psin py + 


1 nsin(n—1)y—(n—1)sin ny 
9 


sin’ 


La représentation (12) de Vopération U, est unique. Autrement dit, si l’on 
peut former par un moyen quelconque une fonction continue v(z) telle que l’on 
ait quelle que soit la fonction f(2): 


(15) U,= iim (x)v(y)@,(y — x) dady, 
on a nécessairement v(y) = u(y). En effet, il suffit d’ appliquer les formules 
(12) et (15) pour f(x) = 1, cos px, sin px pour voir que v(y) et u(y) ont les 
mémes sé¢ries de Fourier.* 

Etude de la fonction génératrice. Ainsi A toute opération U, linéaire dans 
le champ (J/) correspond une fonction continue bien déterminée u(y) et réci- 
proquement si l’on connait u(y) l’opération U, est exprimée par la formule (12). 
Nous pouvons done dire que la fonction u(y) est la fonction génératrice de U,. 
Il est manifeste que les propriétés de l’opération U, doivent se refléter dans 
celles de la fonction continue u(y); de sorte que l’étude de l’opération U, est 
ramenée & l'étude d’une fonction continue: sa fonction génératrice. Un premier 
résultat de cette méthode sera donné par le théoréme suivant : 


* Loe. cit., p. 37. 
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La condition nécessaire et suffisante pour qu'une opération U, linéaire dans 
le champ (MM) soit de la forme: 


(16) U,= 


ou h(x) est une fonction mesurable et bornée, est que la fonction génératrice 
de U, soit une fonction continue de période 27 qui puisse étre considérée 
comme Vintégrale indéfinie @une fonction sommable et bornée. 

1°. La condition est nécessaire. En effet, si U, est de la forme (16), sa fone- 
tion génératrice est : 


d’aprés la définition de Ona done: 


u(y) =7H(y) —5 [H(2r)— H(0)] + 


en posant: 
H(y) h(w)de, h(a) de. 


Par conséquent, on a bien w( 27) = u(0) et u(y) est l’intégrale indéfinie de la 


fonction mesurable et bornée : 


9 
wh(y) — 


2°. La condition est suffisante. En effet, supposons: 


u(y) = u(2r)=u(0), 
k(y) étant une fonction mesurable et bornée. Ecrivons la série de Fourier 
de k(y): 
k(y)~ (A, cos y + B, sin y) +--+» + (A, cos ny + B, sin ny) +---, 


ou le terme constant s’annule puisque u(y) est de période 277. Si l’on caleule 
maintenant les coefficients de Fourier de u(y) en fonction de ceux de k(y), on 
trouve : 


A 
u(y) ~ + (—B, y +A, sin y) + ( 
D’oi : 


1 
u(y) 9 -++-+(n—p)(A, cos px + B, sin px) + --- 


+ [A,_,cos(n—1)x+ B_,sin(n—1)2] 


| 
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La formule (12) s’écrit done: 


(17) U,= lim r) (x)dzx 


avec: 


1 n 
= wn |2 


A,+---+(n —p)(A, cos px + B, sin pa) + --- 


+ [A,_, cos (n—1)x#+ B_,sin(n—1 x] 


Or on sait que cette quantité tend vers 


+ky)) 


sauf peut étre pour un ensemble de valeurs de x de mesure nulle et de plus 
qu'elle reste bornée comme sa limite. Par suite,* on peut écrire la formule (17) : 


U, 


) 


en appelant h(2) la fonction mesurable et bornée : 
1[ A, 
h(x)= +k) |. 


§ 2. Opérations linéaires dans le champ (Q) des fonctions sommables 
et de carrés sommables. 


On peut arriver A un résultat plus précis en employant la notion de conver- 
gence en moyenne introduite par M. Riesz} et M. Fiscnert dans le champ 
(Q) des fonctions sommables et de carrés sommables. On dira que / (2) con- 
verge en moyenne vers f(x) et l’on écrira: 


J (x) ~ lim (x) 


si f(x) et f(a) sont des fonctions de (12) telles que l’intégrale : 


tende vers zéro avec 1/n. Nous dirons alors qu’une opération U, est continue 
dans le champ 2 si U, tend vers U, quand f(x) converge en ‘moyenne vers 
(2). 

Théoreme. A toute opération U, linéaire dans le champ (Q), on peut faire 
correspondre une fonction k(x) du méme champ, telle que l’on uit: 


(16) U,= 


* Loc. cit., pp. 14, 15. 
+Comptes Rendus, du 12 Nov., 1906; 18 Mars, et 8 Avril, 1907. 
tComptes Rendus, du 13 et 27 Mai, 1907. 
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En effet, on voit facilement qu’avec les notations (2) on a: 


n=D 


(x) ~ lim (3+ a, + ---+ 6 sin na). 
Done: 
(8) + + (aya, +8,8,) +) 
si l’on pose: 


Or d’aprés un théoreme de M. Riesz* la condition nécessaire et suffisante pour 
qu’il existe une fonction du champ 2, k(x), telle que: 


a 
k(a)~5 4, cos nz + 8 sin nx + --- 


est que la série }> (a? + 8?) converge. D’autre part si u(#) et k(x) sont des 
fonctions de 0, on sait d’apres M. Fatou que l’on a: 


Notre théoreme sera done démontré si nous prouvons que la série }> (a? + 8?) 
converge. Mais, d’aprés la définition de U,, la série > (a,a, + 6,8) doit étre 
convergente toutes les fois que l’on peut écrire les a,, b, sous la forme (2), f(x) 
étant une fonction de (2), c’est a dire toutes les fois que >> (a? + 6?) converge. 
Or si (a? + 8?) ne convergeait pas, il faudrait que l’une des séries >> a? , }> 8? 
diverge. Supposons par exemple que >> 8? diverge; on sait alors ¢ qu’en posant 
s, = lasérie (8/s,) converge et la série diverge. 
Done si l’on posait : 


By sin + By sin Nx +--+, 
Vs, Vs 


on voit que la formule (8)’ ne s’appliquerait plus quoique f(x) soit une fonction 

de (2). On arrive donc A une contradiction, ce qui démontre le théoreme. 
Inversement, on voit facilement que si (a) désigne une fonction guelconque 

de (2), la formule (16) définit une opération linéaire dans (2). En effet, elle 


* Loe. cit. 

t Encyclopédie des sciences mathématiques, vol. 1, p. 224, No. 7. 

M. PRINGSHEIM a bien voulu me faire remarquer 1|’usage de cette propriété pour démontrer 
la propriété suivante utilisée ici : 

Si la série S 3nvn converge quand les v, restant fixes, les 8, sont des nombres quelconques tels 
que S32 converge, la série Sv? est nécessairement convergente. 
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| 

| 


1907] M. FRECHET: SUR LES OPERATIONS LINEAIRES 441 


est évidemment distributive ; d’autre part si fet f sont des fonctions quelcon- 
ques de (2), on aura 


Done si f, (x) converge en moyenne vers f(x), U, tend vers U,. 


§ 3. Opérations linéaires dans le champ des fonctions continues. 


Définition. Nous distinguerons plusieurs cas selon que l’opération est définie 
dans tout le champ des fonctions continues de 0 4 27 ou bien dans le champ C, 
des fonctions ayant n dérivées continues ou bien dans le champ C’,, des fonctions 
indéfiniment dérivables de 0 4 27 ou enfin dans le champ £ des fonctions holo- 
morphes de 0 4 277. Enfin nous appellerons respectivement C’, 
le champ de celles des fonctions de C, C,, C, ou & qui sont de période 27 
ainsi que leurs dérivées. 

Nous dirons alors avec M. HapaMarD que deux fonctions ont un voisinage 
d’ordre x défini par le nombre ¢€ quand, de 0 A 27, ces fonctions et leurs n premiéres 
dérivées différent en valeur absolue de moins de ¢ (n pouvant étre nul, entier 
ou infini). Cela étant, une opération U, définie dans l'un des champs C, C,, 
C,, ou £ s’appellera opération continue si U,—U,. est infiniment petit en 
méme temps que le voisinage (d’ordre 0, n, 00, oo respectivement) de f(a) et 
de f(x). Une opération distributive et continue sera dite linéaire et dans tous 
les cas l’égalité (1) sera vérifiée méme pour c irrationnel. 

Montrons d’abord que l’on peut ramener la considération de chacun de ces 
champs 4 celle des champs et 

Supposons une opération U, définie dans le champ C,,; on pourra représenter 
toute fonction de ce champ sous la forme: 


On aura done: 
U,=AS(0) + AS + Views 


A,,---, A,_, tant des constantes indépendantes de la fonction f(x) et V4,., 
une opération linéaire dans le champ des fonctions continues ¢(x). 
Soit V,,,., une opération linéaire queleonque dans le champ C’ des fonctions 


la fonction (x) est continue et de période 27. On a donc: 


BLS(9) + Wye, 


n—l 


continues. Si l’on pose: 


| 
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B éant une constante et W,,,) 


des fonctions continues et de période 277. 

Enfin si f(x) est une fonction indéfiniment dérivable, on peut trouver une 
fonction g(x) représentable par un développement de Taylor uniformément 
convergent et telle que f(x) — g(x) = (2) soit une fonction admettant une 
infinité de dérivées toutes de période 27 comme h(x). Si done U est une opé- 
ration définie dans le champ C,,, on peut écrire: 


une opération linéaire définie dans le champ C’ 


U.= D2) Une 
Or, on a: 
(a2 — 17)" (n) 


On a done: 


m,, +++, m, étant des constantes indépendantes de la fonction g(x). En résumé 
tous les cas examinés se raménent A celui ot le champ est C’ ou C,. 

Fonction génératrice. Soit U, une opération linéaire définie dans l’un des 
champs C, C,, C’, Tous ces champs contiennent les 


fonctions: 
cos px, 


rsineg +---+ 7" sin pe, 


quels que soient l’entier p et le nombre 7 compris entre —1 et +1. Ils con- 
tiennent aussi leurs limites quand » tend vers l’infini; et le voisinage d’ordre 
infini de ces fonctions avec leurs limites tend vers zéro. 

En leur appliquant l’opération U,, on voit en posant : 


2A, = — U cos nx? l sinnx? *°°9 


que les deux séries : 


soient convergentes pour |r|<1. Par conséquent la série: 


converge et représente une fonction holomorphe dans le cercle |z| <1 du plan 


complexe des z. 
Ainsi, i l’opération linéaire U, correspond une fonction holomorphe dans S et 


bien déterminée: «(z). C’est ce que j’appellerai Ja fonction génératrice de 


z 
> 
| 
| 
‘ 
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U*. Pour légitimer cette définition, je montrerai que l’on peut exprimer une 
opération linéaire au moyen de sa fonction génératrice. 

En effet, d’aprés ce que nous avons vu plus haut, on peut se borner au cas 
des fonctions qui sont de période 27 ainsi que leurs dérivées éventuelles. On peut 
considérer une telle fonction (2) comme la valeur pour 7 = 1 d’une fonction 
F'(r, x) harmonique et réguliere en tout point de coordonnées polaires x et 
r<1l. Sia,,a,, },, --- sont les coefficients de Fourier de f(x), on aura: 


F(r, 2) = + r(a,cosx + b, sin +b sinner) +---. 
D’oi: 
U,= (2): [A, + 7"(A, cos nx + sin + -++]dz, 


ou: 


en désignant d’une manitre générale par P(A + iB) la partie réelle A de tout 
nombre imaginaire A + iB. 

Si maintenant on fait tendre r vers 1 par valeurs plus petites, on voit qu’en 
définitive, U, sera déterminée par sa fonction génératrice au moyen de la 
formule: 


(19) U, = [e(re*) ] dn, 


ou: 


U, = lim P| (2) «(re-*) } dx. 
r=1 0 

D’ailleurs, inversement il est trés facile d’exprimer la fonction génératrice connais- 

sant U. En effet, on a: 


Px(re'*) r(A,, cos nb — np) +: -= ° 


D’ou: 
Pr =U zeiz’ 
(2) = 


En définitive, on a: 
Pl} P3 1—zev. 


Si «(z) est la fonction génératrice d’une opération linéaire dans l’un des 
champs C’’, C’, C/,, cette opération peut s’exprimer sous la forme (19). Mais 

*]1 ne peut y avoir de confusion dans ce qui suit entre les deux définitions non équivalentes 
que j’ai données dans des cas distincts pour la fonction génératrice. 


Trans. Am. Math. Soc. 30 


+ 
| 
| 
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il est important de remarquer que méme si /’ on se donne a priori pour x(z) 
une fonction holomorphe quelconque dans le cercle S, la formule (19) définit 
une opération linéaire au moins dans un certain champ. En effet, elle donne 
une valeur bien déterminée de U, lorsque f est une fonction du champ D, des 
fonctions f(a) telles que la fonction harmonique correspondante F’'(7, x) soit 
réguliere méme pour 1 <r<p. Car, en prenant: 1<p,<p et appliquant 
la formule (19) a: 


F(r, 2) = + (a, cos nx + b sin nx) + ---; 
1 


on trouve l’expression : 


0 


De plus cette opération est bien distributive et continue. 

Mais, selon les propriétés de la fonction «(z), il peut arriver que la formule 
(19) donne pour VU, une opération linéaire définie dans un champ plus ou moins 
grand. 

On sait que la fonction «(z) est holomorphe dans le cercle S. II est done a 
prévoir que les circonstances les plus importantes dépendront des singularités de 
«(z) sur le contour de S. 

Effet des singularités de «(z). 1°. On est done amené A considérer 
d’abord le cas ot «(z) est holomorphe dans un cercle de rayon supérieur A 1. 
Dans ce cas la partie réelle, k(«), de «(z) sur le cercle S est une fonction con- 


tinue de x et on a: 
1+ ze 
K(z)= k(—«) 


Remarquons que cette formule détermine une fonction «(z) holomorphe dans 
S dans le cas général ott k(x) est une fonction mesurable et bornée quelconque 
et arrétons nous 4 ce cas général. En introduisant cette expression de «(z) 
dans la formule (19), il est facile de voir que l’opération U, sera définie méme 
dans tout le champ (J/) sous la forme: 


= de. 


2°. Supposons que la fonction «(z) n’ait sur S qu’un nombre fini de points 
singuliers et que ces points singuliers soient des poles. Alors on pourra mettre 


«(z) sous la forme: 


ou /7(z) est une fonction holomorphe au dela de S, ot les quantités A‘” sont 


| 
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des constantes et oi on désigne par D») la dérivée d’ordre n, prise par rapport 
i Pargument de lun des podles. Les quantités g, sont réelles, bornons-nous 
d’abord au cas ot les A‘”) sont réels et appelons h(x) la partie réelle de H(e~“). 
On aura alors: 


p=m 
U,= S(x)h(x) dx + p> {AP 


et U, sera ainsi une opération linéaire bien définie dans le champ C’.. Mais la 
formule (19) n’aura plus de sens si on l’applique 4 une fonction queleonque du 
champ C”’. Prenons par exemple le cas particulier ow: 
Aize" 
K(z)= — zeit)?” 


A et ¢ étant deux constantes réelles et : 
+ ---+ +++. 
La formule (19) donnerait: 
U, =lim — 2r cos + 7”. 


r=1 


Si done q¢ est queleonque, on aura en général : 
U,= LY 2(1 — cos q); 
mais si l’on a pris par exemple g = 0, on a: 


U,= lim ZL(1—7r), 
r=1 


ce qui ne donne aucune valeur finie de U,. 

3°. On pourrait croire que puisque l’existence d’un pole d’ordre m de K(z) 
sur S restreint l’application de U, aux fonctions du champ C” , l’existence d’un 
point singulier essentiel doit en restreindre encore l’application aux fonctions 
du champ C{. Il n’en est pas ainsi comme le prouve l’exemple tres général 
suivant. 

Prenons : 


n=e A 1 + 
K(z) => > > ig, ? 
1 — 


ou les A,, g, sont des nombres reéls queleonques, mais la série >A, étant abso- 
lument convergente. Si l’on prend ¢g, = 1/n par exemple, on a bien une fonc- 
tion holomorphe dans S et quia sur S un point singulier z= 1. Or quels que 
soient les g,, on a en appliquant la formule (19): 


U,= LAS 


n=1 
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et l’opération est définie pour toute fonction du champ C’. On voit done qu’a 
ce point de vue, dans l’exemple ¢, = 1/7, la singularité essentielle z = 1, n’est 
pour ainsi dire qu'une singularité artificielle. Elle ne présente aucune particu- 
larité propre en dehors de celles qu'elle possede comme limite de poles simples. 
C’est 1A un point qui peut avoir son intérét dans la théorie des fonctions 
analytiques. 


BESANCON, Février, 1907. 


THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY* 
BY 
ALFRED GEORGE GREENHILL 


The analytical complexity in the reduction of the elliptic integral in electro- 
magnetism, as well as in most dynamical problems, arises in consequence of the 
appropriate integral of the third kind being of the circular form in LEGENDRE’s 
terminology, and the elliptic parameter of Jacosi is then a fraction of the 
imaginary period. 

The expression of the integral by the theta function would imply then a 
complex argument, and a table of the theta function would not be of complete 
utility unless made a triple entry table. 

When required in a problem of electromagnetism it is the complete third 
elliptic integral which usually is sufficient for a solution, and this, as shown by 
LEGENDRE, can be expressed by elliptic integrals of the first and second kind, 
complete and incomplete; and for these the Table LX of LEGENDRE provides 
the material for a numerical evaluation. 

As an important application we may cite the calculation of the mutual induc- 
tion of two coaxial helices, employed in the ampere balance designed for weigh- 
ing their electromagnetic attraction by the late Viriamu Jones and Professor 
AYRTON, and so arriving at an independent determination of the electrical units. 

The present investigation was undertaken in the lifetime of Professor Viriamu 
JONES, with the object of exhibiting the result of his complete third elliptic inte- 
gral in its simplest form, suitable for immediate numerical computation, and 
also to reconcile the conflicting notation of different writers on the subject by 
adopting MAxwELL’s Electricity and Magnetism as the standard. 

Incidentally the quadric transformation of LANDEN is required here so fre- 
quently that a digression has been made on the theory, and an elucidation sub- 
mitted of its essential geometrical interpretation. 

The references in the course of the work will be chiefly to — 

MAxweELL, Electricity and Magnetism. 

Wesster, Electricity and Magnetism. 

Gray, Absolute Measurements in Electricity and Magnetism. 

CayLey, Proceedings of the London Mathematical Society, vol.6. 


* Presented to the Society September 5, 1907. Received for publication January 29, 1907. 
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Viriamu Jones, Philosophical Magazine (1889), Philosophical 
Transactions (1891), Proceedings of the Royal Society (1897). 

Mincuin, Philosophical Magazine (1893), (1894). 

BurnsipE, Messenger of Mathematies, vol. 20 (1891). 

Coleridge Farr, Proceedings of the Royal Society (1898). 

NaGcaoka, Journal of the Tokyo College of Science, 16 (1903). 

Corrin, Rosa, and Conen, Llectromagnetic Integrals, Bulletin of the 
Bureau of Standards (1906). 

Alexander RussELL, Magnetic Field of the Helix, Philosophical Mag- 
azine, April, 1907. 


Notation and preliminary theory. 


1. The elliptic integrals of the I, Il, and III kind (abbreviated in the sequel 
to I. E. I.; I. E. 1.; III. E. I.) are composed of differential elements of the 


form 


ds 1 ds 
(1) /s’ (s— 
(2) S=4-s—s,-s—s,-s—8,, 8, > 8, > 833 


but for analytical simplification it is convenient to normalise them to zero degree 
by an appropriate factor, so that the elements may be written 


V(s, — 8,)ds ds ds 
vS V(8,— 8) VS’ 
(4) 


and in the circular form of the III. E. I. the expression = is negative and the 
normalising factor is changed to 3//( — =). 

The same normalising is required with the elementary circular or hyperbolic 
integral which arises when S is of the second or first degree, in consequence of 
s,, or s, and s, being made infinite, so that we take 


(5) or 4;s — 


and the integral corresponding to the III. E. I. becomes 


ds 8,—o 
s—o o—s8, 


V¥(8,— ds [8 — 


with corresponding hyperbolic-logarithmic forms. 
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The standard III. E. I. adopted in the sequel is written 
(8) J 


Ss’ 

in which the sign of = is to be changed in the infrequent case which arises when 
the hyperbolic-logarithmic III. E. I. is to be employed; and it is preferable to 
keep to this form of the integral of an algebraic function, and to settle the 


sequence of magnitude of 
8, Sis S35 


before proceeding to a reduction in the notation of WEIERSTRASS, JACOBI, and 
LEGENDRE to their standard form, if requisite for comparison. 

In an electromagnetic application it is the complete III. E. I. which gives 
the solution, and then the limits of integration are 00, s,, 8,, 8,, —00; and now 
the great theorem discovered by LEGENDRE (Fonctions elliptiques, I, chap. 23) 
enables us to express the result by incomplete integrals of the I and II kind, 
the I. E. I. and II. E. I., on which a digression is made at the outset. 

2. The jacobian quarter periods, AK and A’’, are defined by the complete 
integrals 


-_ (8, — 8,)ds v (8 — 


2) 


and the incomplete integrals may be written 


**1/(s,—s8,)ds (8, — 8,)do 
9 J (s, 8,) ¢ J 


where h and f are real proper fractions defined by the ratios 


In the jacobian notation 


s,—8 2 
(4) 
8 &,— 8, 
and when 
or 8, > 8> 83, 
(5) , of —, 
— 8 
3 2 3 
(6) en? hK = ——, or 
— 8, 8s 
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2 
(7) dn? hK = or 
s—8, 8, — 8, 
while with 
8, >o>s,, or 8, >o>— 2, 
(8) sn’ fA’ = -' or 3, 
(9) fK' = or 
8, 
(10) dn* = or 2 
8, 


It is the advantage of the use of the fraction A or f of the period A or K 
that the corresponding modulus ¢& or X’ is indicated thereby and need not be 


written down. 
In the notation given already in equations (2) the incomplete I. E. I. can 
be written 
v(s8,—8,)ds 8, — 8. 
8 i} S 


> 
81, 83 3 


and for the complementary modulus /’, 

( ) 4 \ \ 


3. Besides the first elliptic integral (I. E. I.), given already in § 2 (1), (2), 
(11), (12), (13), (14), we shall require the second elliptic integral (II. E. I.) 
complete and incomplete. 
The jacobian zeta function which expresses the incomplete II. E. I. may be 
efined by the standard integral 


h 
(1) dn? Kdh = EamhK =hH + mhK, 
(8, 8, ) V S 0 
or 
(2) dn’? fK': K'df =F am fK'=fH'+ mfK'; 
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where zn u in GLAISHER’s notation denotes the jacobian function Zu; also 
HT and H’ denote the complete II. E. I. to moduli / and 4’, defined by 


pel 


1 


corresponding to A and A’’, the complete I. E. I. 

The letter H is used instead of the usual #, as F will be required for the 
quadric transformation. 

With GLaIsHEr’s notation 


d 
(4) zu = + log sn 


the incomplete II. E. I. in the regions 
is given by 

s—s, ds ("8,—8 ¥(8,—8,)ds 


(8-8, —(1—h)(H-k’? K ) +28 hk ; 


8 — 8, — 8, /(8,—8,)ds 


Vv (8, = 


the integrals being infinite at the upper limit s = 00, or the lower limit s = s,, 
where 4 = 0 and zs iA is infinite; and so also 


V(8,— 8,)ds s,—s ds 
(8) 88, VS V(8,—%) VS 


=hH+mhK, (1—h)H—mhK; 


fe s,—s ds 
(9) J VS Vv (8,— 8) VS 
=h(H—-k’K)+anhK, 


s,— 8, 8,) ds s—s, ds 
(10) J VS V(s,—8,) VS 
=hK-—H)—mhK, 


Similarly, in the regions 


8, 
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da 3 —s, /(8,—8,)do 
{sz _ 
fk’, fk’; 


8, /(8,—8,)do 
=fH'+m/fK', ; 


8,—8, 1 (8,—8,)do 8, —o da 
(14) v(—2) (s,— 4) 
=(1—/)(K’— H’')+2sfK'; 
(s, —s,)do =f. da 
(s,— ¥(— 2) 
=—(1-—/)(H' 


| (s, do 
(16) p= v(—2 =) 


(15) 


these integrals (14), (15), (16) being infinite when the upper limit o =s,, or 
the lower limit ¢ = — 20, where f= 0 and zs fX’’ is infinite. 

Putting A= 1 or f=1 in any of these forms will give the corresponding 
complete II. E. I., noticing that zn A’ and zs K’ are zero. 

4. The incomplete III. E. I. requires the theta and eta functions of Jacost, 
and BurkHARDT has given in his Liliptische Functionen, § 126, a method 
of approximating rapidly to the numerical value for given elliptic argument. 

But in the circular III. E. I. this argument will be complex of the form 
hK + fK'i, where hand / are real fractions, so that great care will be required 
with BuRKHARDT’s method in separating the real and imaginary parts of the 
theta function. 

When /, however, is a rational fraction, 


a quotient of theta functions, such as 


E 
E 
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 @0@(hK+/K’i) 


can be expressed algebraically by elliptic functions of hA’; a collection of the 
simplest results will be found in the Philosophical Transactions (1904), 
under the title, The third elliptic integral and the ellipsotomic problem. 

5. Make a start now with the complete circular III. E. I. 


(1) A, B= 


S 
in which the quantities range in the order of magnitude 


(2) 


and this integral (1) is by LEGENDRE’s theorem to be expressed by incomplete 
integrals, I. E. I. and II. E. I. 


Provided with the notation above we shall find in the sequel 


(3) A -{ : ) Km fk’, 
vi 
sol 


o—s VS 


To calculate the numerical value we have to determine the co-modular angle @ 
and the amplitude angle of ¢ from the relations (2) and (8), § 2, 


(6) sin? 6 = k” = sin? = nal 


8, — 8, 8, — 8, 


and then from Table IX of LEGENDRE 


(7) f= Fo + 
(8) m fK’ = E¢ — fE(37), 
(9) K = F(ir,k). 


The result in the Weierstrassian notation is given in Scowarz’s Formeln, 
§§ 59, 60. 

The relation in (5) is the equivalent of Mrncuin’s equation (21), p. 212, 
Philosophical Magazine, February, 1894; it is proved immediately by the 
substitution 
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6, — 8,°& — 8; 
(10) € — 8, ) 


in A, (1), which leaves ds//S unaltered except for sign, but changes the limits 
from oo and s, to s, and s,, and thus makes 


(11) A= 8, — 8,°8, — 8, 
— 8, ; 


[(s, —, $,°8, —8,)—(8— s,)(o —8,)](o—8) 


6. In the arrangement 


= 


83 


(1) 


there are two remaining forms of the complete circular III. E. I., namely 


(2) C, b= | 2 v( =) 


1» 83 


and we shall find 


(3) c= ( : +) Ku fk’ 


1 3) ds 
(4) D= K 2s fK’ + 


where in Glaisher’s notation 


en u dn u d 
(5) = mu + =znu + log sn u = -,-log Hu, 
sn u du du 


and also 


(6) zeu = zu + a log en u = — zs(K—u), 


(7) zd = zn + log dn u = — —u). 
Thus 


is ds 
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(8) —C+D=h}r, 


which can be proved independently in the same manner as (12) § 5. 

Hence we can write down the expression of the complete III. E. I. of the 
circular form, for any assigned region of s and co, the result involving a zeta 
function to the complementary modulus; and this zeta function is an algebraical 
function when / is a rational fraction ; the formula for the simplest fractions is 
given in the Philosophical Transactions (1904). 

7. We have seen how A and BF change place by the substitution 


(1) 


3 


and the same substitution interchanges C’ and D. 
So also A and C or B and D change place by the substitution 


(2) € iy =); 


s—8, 
while the substitution 


8,°38,— & 


interchanges A and D, or B and C. 
8. Two more forms are required to finish the series of the complete III. E. L., 
when it is finite and the parameter is a fraction of the real period, namely, 


(1) E= KmfK, 
A vi 


el ,/ 
(2) F = avs = 


Va 
in the arrangement 
(3) 
with 


(5) 


(LEGENDRE, Fonctions elliptiques, chap. 23; CayLey, Liliptic Functions, 
§§ 178-186.) 

9. The proof of his theorem that the complete III. E. L., circular or loga- 
rithmic, can be expressed by the I. and II. E. I. is given by LEGENDRE in 
Fonctions elliptiques, chapters 23 and 24, and is reproduced in CaYLEy’s Elliptic 


) 
de 
4 h= +f 
( 8 81 VS’ 
da 
83 83 V= 
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Functions, chap. 5. We can abbreviate the demonstration considerably, and 
avoid also all introduction of an imaginary in the discussion of the circular form 
expressed by A, B C, and D by means of the simple lemma 

diyS tv(—2) 


(1) vs —v(-=), 


=s~d, 


ds lc s~o 


proved immediately by performing the differentiation. 
Integrating with respect to the elliptic differential elements ds/S and 
do =) beween the limits s,, s, of s, and o, s, of 


in which the variables are separated, so that 


(3) cf v(s,—8,) v(— 2) fh ds V(s,—8,) VS 
= K(fH' +m fK')—/fK'(K—H) 


=4nf+ Km fk’, 
by reason of LEGENDRE’s relation 

8} $2 ds de 


derivable from the relation in (5) § 5, and utilising theorems (13) and (10), $3. 
Taking the limits of s as s, and s gives a more general theorem 


1 ds 
=hK(fH'+mfK')—fK' [h(K-—H)—mhK] 
= trihf+hK mfK' —fK' mhk, 


j 
(2) 


T 
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connecting incomplete III. E.I’s., as in LEGENDRE’s equation (i’), p. 133. 
Putting A = 1 gives B as before; and putting f= 1 leads to a new theorem 


1 


10. When A is deduced in this manner we must keep clear of s = 
writing the lemma (1), § 9, in the form 


d 2) d tvS 3 
in which at 


(2) $= 0, limit ( — 


Integrating between the limits s, 20 of s, and s,, o of «, we have 


8 — 8, VSv(—2) 


(in which the variables are separated) 


o—s do (07 8 — 8 (8, — 8,)d8 
2) 8 — 8, VS 


—(1—/)K' 
= + (1—f)K' mik, 


utilising the theorems in (13) and (5), § 3. 
Putting s = s,, h = 1, gives the result for A, 


and this by the substitution (10), § 5, is equivalent to 


ds da 
(5) A= ¥(—2)’ 


while from (2), § 9 


ds do 


© 
VS $,— 8,-8,— 8 
— 8, — 8, 
1 S 
S VA 
)=0. 
8, 
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(7) A+ B= 


or from (12), § 5, and employing (12), (9), § 3 


Lf s + 
(8) [ 2 2 ] 


= K(H'—i?K')+ K'(H—-k” 


and thus LEGENDRE’s relation is proved. 


Putting f= 0, in (3) gives a new theorem, 


1 


employing (5), (6), (7), § 2, and (4), § 3, or (5), § 6. 
11. For C, integrate isi (1), § § 9, from s to 0 ando tos, in the form 


de ds\s—a s—8, $— 8, 


) ds da 
s—o "(5-2 s,} 


8, — 8,°8,— 8,\ ds doa 


do (7 V (8,—8, ) ds 
Je V(S8,—8)1 (—s)t J) Je &—8, VS 


=hK [a fk’ A ] 
mhK+hKa fk, 
employing (16), (10), §3; from which C -is deduced by putting h=1,s=8,, 
(3) C=—4r(1—f)+ KafK’. 


In D we must keep clear of « = s, by writing the lemma 


(4) v(-3) d d 


s—a ds s—a 


and then integrate it between s, and s, — oo and a, so that 


458 
- 
(—=) 
> 
s 
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=fK'(hH+ mhK)—hK[ f(K' —H')—mfK'} 
 mhK+hKmfK’, 
employing (8), (11), $3. 
Put h=1,s==8,, and we obtain by means of (8), (9), (10), § 2, 


Kz fK'. 


Vs,—o-s,— 8, 


(6) D=3nf+ Km 


12. To obtain Z and F, write the lemma 


d a4 S 


ds 


and integrate between s, oo and s,, 0; then 


res vs) 


(2) $— 8, VS 
fk] 
=hKmfK—fKmihk, 

employing (10), § 3, and thus connecting # and F’; for h=1,s=s,, makes 
(3) E=Km/k, 

and f=1,¢=3s,, makes 


(4) F=KmhK + 


s— 


13. With s, and s, conjugate imaginary, and putting 


8, — 8,°8,— 8, = M’, 


/Mds * /Mds 


*2 Mdo Mdo 
V(— >) J a (— =) 


1 — en 2AK yit 2hK dn 2hK 


Trans. Am. Math. Soc. 31 


and then 


(4) s—s,= M 


das—a 8 — 8, 
o 
= 
= 
(1) 
(3) 
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1 + en 2fR”’ 


4 sn dn 


(5) (1+ en 2fK’ 


in which AA and fA’ may be replaced occasionally by / and f in the sequel 
without confusion. 

Employing a formula (LEGENDRE I, p. 257), 


l—cos¢dd 


verified immediately by differentiation, and integrating the lemma (1) § 9, 


= sk | ve 


— df 


thK —hH—m 2h ) 

sn 2f dn 
1+cn2f 
But when we wish to obtain the complete III. E. IL, by putting s = o, 


h = 1, we make both sides infinite. 
The infinite part must then be cut out by deducting from both sides 


+ AK ( —fH' —m 


(8) 


and now 


al — sn 2h dn 2h a 
=fK'(= + —hH— m 2h) 


de ,dn 2h 


sn 2f dn 2f 
1 +en 9f 


Here, putting s = oo, A = 1, the first integral vanishes, and 


+ 1K ( 4+4fK’ —fH' —m af). 


—fH' —m 2f) 
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sn 2f dn 2f 
n 9f) — 


Similarly with f= 1, 


da dn 2h 


14. To compare B with LEGENDRE’s standard form of the III. E. L., 


@) 0 l+n sin? y Ay’ Ax= Vv (1-—k sin 


denoted by II (n, &, x) or Il, when complete, put 
(2) s—s,=(s,—s,) sin’ x, 8,—8=(8,—8,) Cos’ x, 8,—s= (8,—s,) A’y, 


8, — 8, 


8, — 8, 8, — rs 

and then 
(3) ax 


ws sin? y x Ax 


=ya II (n, x)> 


in which, with LEGENDRE’s notation, 


and LEGENDRE’s II requires the normalising factor //a. 
In the comparison of A, put 
8, — 8, A’y cos’ 


(6) (4 s— 8, =(8,— 
and then 


— n sin’ x dx _ 
(7) A= V#= — 8, 1 + sin? x Ay 4, x) ¥x] 


in which 
(8) 
so that 


(9) 


= 
o— 8," n 8 —8," 
k? 8, — 8, 
(5) am(1+n)(1+5) 
I? 8, —o-o —8, 
(L+0)(14 7) = oa, 
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the same as before; also 


(10) nn’ = k’*, Il(n) + = 


But in all the subsequent calculations it is best to keep clear of the standard 
forms of LEGENDRE, JACOBI, or WEIERSTRASS, and to work with the III. E. I. 
as the integral of an algebraical function of the standard form in (8) § 1. 

For example we find, putting the differential element, 


(11) 


Py =i Py dy. 
5) 2 2 ds ds’ 
and if we take 


(13) logy= 


we obtain the Lamé differential equation of the second order 


(14) 


dy  ,dSdy 


ds’ ds ds 


(15) 


Then the function 
d 


(16) du\¥e") 


leads to the Lamé differential equation of the second order 


1 d*z 


5 dat = 88 — 8¢ — 8, — 8, — 8, + 82’, 


(17) 


provided that 
(18) 


the spherical pendulum relation. 


Landen’s Transformation. 


15. It will be convenient at this stage to collect together all the formulas of 
Landen’s transformation of the second order, required in the sequel, adopting the 
notation employed previously for the elliptic argument, A denoting an argument 
to modulus & and fA” to modulus k’, A and f denoting real fractions, as thereby 
the modulus is indicated in the notation and need not be written down. 

Without this it will be difficult to reconcile the notation of different writers 
on this subject, each adopting a method of his own irrespective of others. 


ds 
S—y ds 
7 
= 
y du’ 
25 8, — 8, — y 
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Following MaxwELt in his Electricity and Magnetism (E. and M.) § 702, 
we select the LANDEN transformation connecting the new modulus c and ec’ with 
k and k’ by the relation 


all different forms of the modular equation of the second order, connecting 
the modular angles y and § shown in figures A and B, such that 


, BC 
cos y=c — 19) = 


1 — cosy AC OC 


21 


2¥=AC’~ OA’ 


Then the complete elliptic integral or quarter-period /’( 37, c) or F'(c) is 
denoted by and by and K’ denoting and F'(k’); and 


(3) F=(1+k)K, 
(4) K’=(1+¢)F, 


(5) > = 
F K K F 
16. The geometrical interpretation of LANDEN’s transformation is seen in 
fig. B, where we may put 


(1) o=amhF, wo =am(1—h)F, = am 


(2) 20 
so that 
(3) am 2hK = 347 + amhF’'—am(1—h)F, 


sn = cos [amhF’— am(1 —h) 
(4) =enhFen(1—h) F+snhF'sn(1—h) FP =(14+ 


LANDEN’s first transformation ; and putting 2 = 0 leads to (8) § 15. 
Thence also 
dn? 
= 
dn hF (1—¢’)dnhF 
dnhF—dn(1—h)F CQ— CY 


=, =CA— CBX: 


1 , 1—k 2QVk 
(2) 
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the geometrical interpretation, since CQ, CQ’, CB = CAdn(f,1—/,1)F; 


A 
Fic. B. 


1 —(1—c’)sn*? AP dn*hF + ¢’ QQ! 


Equation (4) can be written 
1+¢1—dn2hF 
(7) on = 1+ dn 
and thence 

— ksn? 2hK 
(8) 
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which is LANDEN’s II transformation, in conjunction with 


(1+ %)sn 2hK 


wn =< 
(9) on = ’ 


These may also be written, replacing 2/ by h, 

(11) (1+sn 2AK-1+k sn 2AK)—} V(1—sn 2hK-1—k sn 24K), 
(12) (1+sn 2hK-1—k sn 2hK)+ (1—sn 2hK-1+ksn 2K), 


in dn + ken 2hK 1—k 
1+k ~ dn —k en 2hK 


1—k |dn2hA+hen 


(13) 
Ni +k 2hK —k en 2hK° 


17. The associated transformation of the complementary period A’ or F” can 
now be written down and interpreted geometrically in fig. A where 


(1) ~=am 2/F", ¢=am fA’, =am (1—/)A’, 26=P+y', 
and as in LANDEN’s II transformation in (11) § 16, 
sin d=sin}(~ + = (14+sin (1—sin -1—sin 
sn fA’ = (1+sn 2fF"-1+e'sn 2fF")—} v (1—sn 2fF"-1—c' sn 
(2) sn fF’ 
as in (9) § 16 so that f= 0 leads to (4) § 15; 
en fK’ = (1+sn 2fF"-1—c'sn 2fF")+3 (1—sn 2fF"-1+¢' sn 2fF") 
(3) en ff" dn fF" 
~1+4c' sn? 
1—e'sn’ fF" dn 2fF" + 2fF" 
1+c'sn? fF l+c 
1-¢ 2fF" + cen 2fF" 
~ dn 2fF" — en 2fP" — cen 


and, conversely, 


(5) sn =(1+k) 


dn fA" = 
(4) 


sn _ +k j|1—dn2fk’ 


dn 1—k dn 2fK”’ 


| | | | 
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derivable from (2, 3, 4), and the geometrical interpretation of 
(6) siny=cos(d—¢'), cosp=sin(d —¢); 


L—(1+k) sv dn? fA’ —k 
= dn ~ (1—k)dn fA’ 
T 
dn BP’—BP 


1—(1—k) sn’ fk’ dn? fA’ +h 
dn = dn (14+) dn 


BP +BP PP’ 


(8) 


the geometrical interpretation. 
The two circles in figures A and B, linked in perpendicular planes, may be 
taken to typify the magnetic and electric circuit, associated in a similar manner. 
18. In LecenpreE’s notation, the II. E. I. 


0 


and the complete II. E. I., or Z(47,c) or E(c) is denoted by £, and £(i) 
by EZ’, while as before H( 47, k) is denoted by H, and E(k’) by H’. 
In Jacost's notation, with o = am AF’, and as employed already in § 3, 


(2) 


dn? Fdh =EamhF =hE + mhF. 


0 


Squaring equation (13) § 16, 


4+ 2ken 2K dn — k” 
(3) dn? AP = (1+ ky 


and then integrating with respect to 1, there results 


4 hE+mhF 2hH+m2hA+ksn2hk — 
(4) F (1+k) 


5) LE + mhP= 2hH — + m2hK + 


so that, putting 2 = 1, 
2H—k*K 2H 


A 


167 
a 
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H 2 

(7) E-—c F iat 


and conversely 


(8) Hey) HK’ =EF'+¢FF’, 


so that, as in Maxwell E. and M. § 701 when corrected, 
K—H 
Vk 
K-H 
+h)H-(1— 


3) 
(9) 


(10) 


(11) (1+ oc" F = 
19. Then 


zn +ksn 
(1) mhF = + 
1+k 
which it is convenient to write 


(2) FahF=Km2AK + 


and conversely 


AFohF 
dn hF 


(3) m(1—h)F 


sn 2hFonhF’ 
‘14 dn2hF° 


Km 2hK = FinhF —}Fe 


= — 3 Fe 


Squaring (4) $17 and integrating with respect to f, we obtain the remain- 
ing relations 
(4) 


EFF=HK+kKK’, 


(6) an = 


which we write 
(7) KafKk’= 4Fm2fF’ + 
(8) Km(1—/f)K’ = — 2fF" + Fe' sn 2fF’, 


and conversely 
2sn fA’ en fA’ 


OFF’ — Kk’ - 
Fm =2K ma fK' — Kk dn fK’ 
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= Km Am(1—/)A’ 


(9) 
2sn en 
= Km 27K’ — Kk 1 + dn 


_en 2¢F 
= K22fh’— K 

sn 


(10) F2n (1 — 2f)F" = K2s(1 —2f)K’ — Kktn 27K’, 


theorems required in the sequel for the quadric transformation of 1/, the mutual 
induction of a helix and a coaxial ring. 
20. Integrating (3) § 19 with respect to h, 


O2hK OhF 


log 2 log + log dn hF, 


OhF @(1—h)F 


OF 


= ) dn = 


the quadric transformation of the theta function. 
Similarly by integration of (9), § 19, with respect to /, 


(3) @0F” = ( dn ok’ 


The same notation is useful for expressing the change in a theta function 
and eta function from imaginary to real argument and comodulus in the form 


where g=exp(—7A’/K). (Jacosi, Fundamenta nova, or Werke, I, p. 215; 
Car Ley, Liliptic Functions, p. 151.) 
These transformations may be used for the bisection of the elliptic function ; 


5 \? @2hK dn 2hK 
(9) ) = | 
1 kK H(1—2h)K 


1 @(1—-2h)K k H(1—2h)K 


(6) er) @0K ~i+k 
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Algebraical form of Landen’s transformations. 
g 2 


21. The algebraical equivalent of our first quadric transformation in § 16 
is (Tannery and MoLk, Fonctions elliptiques, formulas XXII, XXIV) 


t—t,—1 (t —t,:t,—t,) 2 


(2) m*(s — 8,) = 4(t—t, 


so that the graph of a relation (s, ¢) is a hyperbola; and 
(4) 2m Vv (8, —8,)=V (t,—t,) —1 (¢,—t,), 
(5) 2m (8, — 8) =1 (¢,—t,)—1 (t,—+,), 


the equivalent of the modular equation (1) § 15, with &, hk’ in terms of s,, 8,, 8 


855 
as in (4) § 2, and c, c’ the equivalent for ¢,, ¢,, t,. Also 


(6— —(4,— 6-44) 
(8) 4(t—-ty 
_ (t—4,)'—(t, — 
(7) my S= 


where 


(8) S=4(s—s,-s—s,-s—s,), T=4(t—t,-t—t,-t—t,), 


(9) 


This algebraical result is obtained by substitution in (4), (5), (6), § 15, of 


* 9 2 s 
(10) sin? y = sn? = or 8, >8>8,, 
: 
t 


t—t 


or 


o>t>t, t,>t> 
In the associated complementary transformation of § 18, writing o and = 

for s and S, 7 and 7” for ¢ and 7’, the region s,>o>s, is excluded, because 

o—s, and o—s, must have the same sign; but 

8, — 8, 


(12) sin? d = sn? fK' = 


| 
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and these substituted in (2), (3), § 17, will satisfy the algebraical relation above. 
On applying this algebraical quadric transformation to our III. E. L., 


—¢,) 
(14) 


(15) 


1 2m (—2=) 4 (— 7’) —t,:t,-—t,)v (— T’) 


“—T T—t, 


and on putting 
(17) dt du 


T—U 
(18) 
1 

so that 

19 V(—) ds V(—T’) dt V T’) du dt 

The hyperbolic graph connecting s and ¢ being drawn it shows that as ¢ 
increases from ¢, to oo, w diminishes from oo to ¢, and s diminishes from 0 to 


s, and rises again to infinity so that 


en dn fF" 


(21) 2C(fK’)=—24( fF’) + 


But as ¢ increases from ¢, to ¢,, « diminishes from ¢, to ¢,, and s increases 
from s, to s, and diminishes again to s,, so that 


(22) ds dt 4 po. 
VS VT t,—7-t,—t, VT 


cn SF’ dn SF’ 


(28) 2D(fK’)=2B( fF’) + F = BUFF’) + DSF’). 


471 
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Making use of the expressions for A, B, C, D in § 5, § 6, equations (21), 
(23) are equivalent to the single relation 
(24) 2K Fm fF’, 
as before in § 19. 


22. For the transformation from ¢ back to s in the III. E. L., we take 
1 (8, —7)—v (8, 

8,)V(8 —8,)] 

x 


7) — —8,-8—%) 
2(s—a) 


tv(—T’) 


dt 1. —V(8—8,-8—8,) V(8,—o)ds 


(4) 


(5) 


dt 
(6) 


N8,— VS + s—a YS (s—c)V(s—s,) 
the last integral being zero as s ranges forward and back again. 
According to the region of 7, 
(T) 


and with 


the relation (6) is equivalent to 


(8) AUF) = 


sn fA 
en SK 
sn 
en 
sn 


O(fE’), 
(9) BF’) = _ 


(10) + O(fE’), 


(1 
(2 
(3 

8, > 

— 
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_en 
(11) D(fF’)=K sn + D( fk’), 


and these reduce to the single relation 


-en 
(12) Fm fF’ = Kw fk'— 


23. The algebraical equivalent of the second quadric transformation in (8), 
(9), (10), § 16, is in a similar way equivalent to a hyperbolic graph between x 


and s, 
8—8,-8—8, S 
3 


8, 


8, 


8, 


and as in the modular equation (1) § 15, 
(4) My (t, — t,) = (8, — 8) +V (8, — 8), 
(5) My (t, — t,) = V (8 — 8) — V (8, — 8). 
Also Mm = 1, and 
d (8s — — (8, — 8-8, — 8) 


“8 
(6) = ds (s—s,)? 


(s — — (8, — 8-8, — 8) 
(s 


VS, 


(T) MyX= 


dx ds " 
(8) 
The region ¢, >a >t, is now excluded, because x — ¢, and x — ¢, must have 


the same sign; but 


(9) sin’ § = sn’ o>x>t, 


(10) sin? = sn’ 2hK o>s>s, or s,>8>8,; 


and these substituted in (8), (9), (10) § 16 will give the algebraical result above. 


473 

(2) 

(3) 
| 
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In the associated complementary transformation with o, = for s, S and 
x’, X fora, X, 

(11) sin’ = = - — 8, >o>8,, or 8, >o>— 2, 


(12) sin? sn’ =| or 


tay? t,, or t,>2 > CO, 
l 2 1 ‘ 


and the algebraical relation is satisfied when these are substituted in (5) $17. 
In the transformation of the III. E. L., 
( ) [(s 8, ) — (8, — §,°5; 


(13) 


(8 — 8,)(o — 8&5) 


— 8, 


My(—X')_ 8)’ (4 — "8, — ] >) 


—@) 


(15) 


where 


(16) 


In the arrangement 
(17) 
8, 


(18) sn? fA 


1 


= 2 => 
, dn’ fA 


and in the arrangement 
(19) 8, > 8, > 0" >— 


2 
3° en’ fK 


(20) 
so that 


(21) Sf" +f=1. 


The integral relation 


dn’ fK’’ 


VA s—a vyS 


tY¥(—X’) dx ds fe (— >") ds 


is now equivalent to 


(23) or =— B(fK')+ B(1—f)&’, 


alt 
2) v(-—’) 
= 
” 2 3 ” 3 l ” 1 3 2 
o— 8, 
85 8, 855 
3,—3,c— 
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implying the relation 
(24) 
as in (9) §19; or 
(25) or =D(fK')—D(A-f)K’, 
implying the equivalent to (24), when (5), (7), (8), § 17 are employed : 
(26) F 23 = Kua fk'— 
Thus in transformation I, A’ and fF” become changed to 2AK and fk’, and 
in transformation II, 24K and fk’ are changed into 2h’ and 2fF”, a succes- 


sive application being equivalent to a duplication of AF’ and fF”. 
24. To proceed from s to x by means of the II transformation, take 


(2-4) 
o— 8, V(x —t,)’ 


2(a — x’) 


of which the second integral is 37, and the third is Fc’ sn 2fF" or F’'sn 2fF", 
according as 


= Ny (t, 


so that in the region s, >o>s,,t, >x>t,, 
(T) 2A(fK’) = A(2fF") + 40 — Fe' sn 2fF’, 
(8) 2B(fK’) = A(2fF’) — 3a — Fe' sn 2fF", 


equivalent to 
(9) 2K m fK’ = Fm 2fF" + Fe' sn 2fF", 


Trans. Am. Math. Soc. 32 


475 
9 
(2) 8, 
(3) 
(4) 
lx 
t, > or — 0; 
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as in (7) § 19; and in the region s, > o> — 0, t, >a’ > — 0, 


sn 


(10) 20(fK’) =C(2fF") — 


F 


sn 


(11) 2D(fR') =C(2¢F’) + — 
equivalent, as in (7) § 19, to 
(12) 2K 2 fK' = F' 2s 2fF" — F'ns 2fF’. 
25. Another form of LANDEN’s transformation may be added here; put 
(1) k=tha, =secha, then c’ = e~*, 
(2) ce then k = e~*, 
and then, as a form of the modular equation of the second order, 
(3) (e*—1)(e% —1)=2, sh 2a sh 28 = 1. 
Now with = am hf’, put Aw = th ¢, 


(ch? € — ch? 8) sh 6 
che ‘ en(1 — 4) Fm 


cos @ = 


dw ch 
Ao (ch? ch’ 6)’ 


and from (7) § 16, 
(5) k sn” h = e~*s, sn AK Sts, 


Fdh = 


In the plane x Oz of Fig. A, v and w of § 24 are elliptic coordinates, to employ 
on WEtR’s azimuth diagram; while ¢ and or a are dipolar codrdinates, suitable 
for a stereographic projection or chart, with poles at A and B, in which 2¢ is 
the longitude of P, 2¢' of P’ both on latitude 1, where 


(6) sinX=th2a, cosr=sech2a, -tand=sh2a, 
We can put, for the conformal representation of the stereographic projection, 

(7) =atan(¢+ ai), 

x sh 2a sin 

(8) ch 2a + cos 2¢’ a ch 2a + cos 2¢’ 

9 PA,PB 

(9) a v¥ [4(ch 2a + cos 2¢) ]’ 

and if OPP, is a straight line 

(10) $+ >, = 


(4) 
—_— = 
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But if APP” is a straight line 
(11) 


and y, ¥’ are biangular codrdinates of P, so that y” = am 2(1 — f) F’’, with 
the value of ~, ¢, ¢ in (1) § 17; also 


a(1—k) 
dn fk’ 


a(1—k) » a(1+k) 


OC=ak, c'B=a(;-1), BC=a(1—&). 


(12) BP = 
(18) BP=BP’= 


(14) 0C-0C =@=OB, PB-BP’ = 


(15) OC’ =", 


Coefficient of mutual induction of two coaxial circles. 


26. Apply the preceding method to Maxwe.’s § 701 (E. and M.). The 
mutual induction of a short element of wire at P perpendicular to the plane 
APB of fig. A and of a circular wire on a diameter AB in the perpendicular 
plane of fig. B, is, for the are AQ where AOQ = 60, 


1 acos (7 — @)dé 

(1) + 2aA cos + A? + 87)’ 

an integral composed of incomplete I and II. E. I.’s: and this must be inte- 
grated round the circle A QB to obtain the vector potential G at P perpendicular 
to the plane AP#; and then multiplied by 27-A to obtain / for the two circles 


in parallel planes. 
According to our method of leaving the algebraical expression intact, we first 


substitute 

(2) PQ =a + 2aA cos 0+ A’? + = 

and supposing ¢ = ¢, and ¢, at A and B, where = 0 and 7, 

(3) PB’=r}=(a—A)’+ b?=m?*(t,—t,), 
PQ — = 2aA(1 + cos 0) = m*(t,—t), 

(4) ri — PQ = 2aA(1 — cos 0) = m*(t —t,), 

so that 

(5) 4aA cos = m’(t, + t, — 2t), r—r = 4aA = m?(t, —t,), 


2v(@A)_ 


a(1+h) 
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dt d6 2 /(t,—t,)dt 
V(t,—t-t—t,) PQ YT ° 


4 dé = 


t, 


cos (7 — 0) dé *2¢—t,—t, dt 
M= PQ = V(t, VT 


and then by (10) § 3 and (1), (4) § 2, 
(9) 


as in MAXWELL, with the original sign changed; and by the quadric transfor- 
mation employing (10) § 18 


kK—H 


K H 
1+k 


(10) M= = 4r(r,+7,)(K— H) = 87, —, 


doubling MaxweELv’s original result, and to be divided by 10° to bring it to 
henries. 

MAXWELL’s modular angle y is now seen to be AYB in fig. A where AF is 
the tangent from A to the circle on the diameter CC’, where PC, PC’ are the 
bisectors of the angle APB; and then BE is at right angles to AB, so that 
A, B being limiting points of this circle 
EB PB ,, 


(11) cos y = EA = PA = r, =C. 


Putting / = sin 8, so that 8 is the modular angle of the period K and K’, 


r—r, AC-CB OC AC 


9 3] = = = 
(12) sin OA™ AC” 


so that 8 is the angle OC’ D in fig. B where CD is perpendicular to AB, and 
C’D the tangent at D. 

27. A geometrical interpretation can be given in LANDEN’s manner of these 
transformations in the plane A QB of the circular dise or wire in fig. B, as 
well as in the perpendicular plane APB of fig. A, in which PC, PC’, the 
bisectors of the angle APB, are axes of the elliptic cone whose vertex is P and 
circular base AQB. 

The point / in fig. A where PC meets the axis of the circle AQB is the 
center of a sphere of which C and P are limiting points, so that PQ/QC isa 
constant ratio. 

Now, denoting the angle AP Q in fig. B, 


(1) PY cos’ + sin’ w, 
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and at D, where PDC’ is the tangent plane of the cone, 


OC _ r— 1, 


cos 2a = — 


cos? = ——*—, sin’ = 
(3) ABD=am}3F, PD = CB 
so that, round the circle AQB, 


4 PQ PD _7,+", 
(4) 2 
and so also 


(5) 3 


On fig. B the angles QCA, QC’A or CQO are denoted by y, x’, and 
QBA, QBA by o, o’; and we put, as in § 16, 


(6) =am 2AK, o=amihF, wo =am(1—h)F, 


(7) PQ=r,dnhF, CQ=. + 


2ar, 
1 


dnhF= CA dnhF, 
2 


and then, since OQC =x’, OQC’ =x, sinx’ =k sin xy, cos x’ = dn 2hK, 
(8) CQ, CQ’ =acosx’ + 

(92) PQ, PQ 
(10) QQ’ = 2a cos x’ = 2a dn 2hK, 


asin Sin @ COS 


(11) sin x = - CQ = (7, + 7) PQ” 
(12) (r, + 7, ) cee? x = 77 cece? w + sec’ w, 


cos 


(18) 


=r, cotw—r, tana, 


cos 


(14) (1 +72) 


sin x =r, cotw +7, tana, 
(15) sin? = — cos 0) = (1 + sin xy sin — cos y cos x’), 
(16) 


ete., the geometrical equivalent of the LANDEN transformation in § 16. 


(2) 
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28. In the transformation of M/ to MaxweELL’s second form in § 702, we 
notice that, from elementary geometrical considerations, 


ad@ dx ad@ Qa dx 
CQ cosy’? cosy? Ay, 
dx 


cos x" 


cos (x +x ) 


8raA ((ksin?® 
(2) ( — cos x) dx 


(** (1—A’*yx 


l 
Hence another method in place of MAXWELL’s § 702 for drawing the lines of 
magnetic force = constant, employing WeEIr’s Azimuth Diagram covered by 
confocal conics for which 7, + 7, is constant. 
Denoting Wetr’s hour angle by a and latitude angle by A, then 
_ 2a M K-H 


(3) sina= 2, cosrX= k=sinacosn, = 
2 


a + 


cos X 


Supposing the curved line CPC’ in fig. A to represent for a moment a line 

of magnetic force of constant W/, starting from C where \ = 0, and orthogonal 

to the lines of constant 2, such as those shown radiating from A, 


M 
(4) k=sina, K — ii. 


At C’ where «= 90°, 
5 M K-H 
(9) 


To find an intermediate point P on CPC" assume an arbitrary value of & 
and K — /H/, less than the value at C,, and calculate \ and a from the relation 


M 


87ra’ 


(6) cos = (K — H) + 


k M K-H 


(7) 


We thus require a table of A— H and (K—H)/k, say for every five 
degrees of the modular angle 6 = sin-'; the work of redrawing MAXWELL’s 
figure XVIII of the lines of magnetic force for a circular current is being car- 


ried out on this method. 


= 
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The meridians and parallels of latitude of a stereographic projection on fig. 
A, with poles at A and B, will map out the electromagnetic field of a straight 
current through A and the return through B perpendicular to the plane, by 
means of the longitude for magnetic potential, and then Jf = 2a = log (r,/r,). 

29. Putting cos @ = c, the algebraical form of the quadric substitution is 


a’ sin? @ 


(1) y =m (8— 8.) = P@ = sin’ OPN, 


of which the graph is a hyperbola in the codrdinates (c, y); 


=| 


because 


(4) ac? + 2aAye + (a? + 
(5) (ace + Ay)’ = 


a 


Ay, 


(8) 

9 2 
( ) V 


V(Y —y)[V(”% —y)+ V(%—y)] 
V 


V (%Y2) 


PQ 
a 


c—C, 


a Vv 


P 
Vin 


vy = y)—V(¥, —y)] 

V (WY2) 

= 


sin 6 = 


tan }0 = 


a(c—c,) 
a(e—c,) 

2 

1 2 mtr, Vy,’ 

“ 
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Taking logarithmic differentials of tan 46 and sin 6, 


dé dy d@ dy dy 
and multiplying by /y = asin 0/PQ, 


1 ad@ V(y,y,)dy acos0d@ dy ydy 
( ) VV PQ “avy 


(12) 


and thence the integrals in the algebraical form for determining MAxwELL’s 
second expression for M/ in terms of AK and //, noticing that y increases from 
zero to y, and back again to zero, as @ increases from 0 to 7. 

With the transformation of (4) § 25 


M 2 ch? — ch’ dt 
(aA) J ch? V (ch? ch’ 8) 


dg 
lean ch 2641 V (ch 26 — ch 28) 


e-% d 2¢—ch 28) 


of which the second term vanishes. 


Components of electromagnetic force of a circular current. 


30. We can now express the components of W/, and also of the magnetic 
potential 2, in terms of # and 7’, or H and K, so as to be able to select the 
simplest form. Thus 


dM an cos _ 2t—t,—t, dt 
int 


t,—t,+¢t,—t, (t, —t,)dt 
t,—t VT 


c 


by a theorem analogous to those in § 3, 


‘t,—t, Y(t, —t,)dt 
(2) = du? = hE — m(1—2)F. 


(1) 
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Or, with 
208 208 k ‘ , 
(3) cos = cos (x + x’) = (cos x + * cos x x cos Xx 
PQ=3(7, + 7,)(cos + cos x), dO = (cos + k cos 
dM "cosy —keosy’ dy 


db (7, +7, cos x’ + k eos x cos 
Ab 
dx 
)] 


sine + k*) cos’ — (1 — —~, 
(+7 £08 x 


+ k*) cos x cos x’ — k(cos* x + cos’ x’ )] 
(4) 


+ 


M A cos + aA cos 9) dé 


A* dM cos 
b db +f Pe” 


dM adM (aA cos 0)’ dé 
(6) 


and similarly 


PQ 


of which the last integral C is given by 


= 8(t,+t,—2t) dt 


1 
3 


or (2¢, — t,—¢,) (t, — t, 
t_—t, VT 


2¢,—t,—t, (v(t, —t,)dt t,—t | 
2 +f 1 3 af 1 
yr 


c 


1 2y9 4 4 
= [ B-4(14 F4+ | = 
c 


by preceding theorems on the I. and II. E. I., so that 


dM 


Next 
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9 dM E adM 
and the relation 
dM dM dM 


(10) da dA +6 db ~ 


is satisfied, required in consequence of M/ being a homogeneous function of 
a, A, b, of the first degree. Otherwise 


dx 
(" + 0 cos x 


32a’? A? (cos — k cos 
A® 1+ k*) cos” x’ (1 k*) — 2) eos X cos dx 

(7, +7,)° cos x 
A? (1 + 


(11) 


ke? 
(12) M+ +7) 4(2H— IK). 


31. If O denotes the magnetic potential or conical angle at P of the circular 
ring A QB, the magnetic components are (E. and M., § 703), 


dQ 1 dM 4ab (1 F 


(1) dA~ 2rA db~ 


or 
(14+ h)H-(1-F)K 
(7, kk" 
9, 1 dM M+C 1dM_ 
(2) db~~ 2rAdA 2nbdb at c” 
or 


32a? 2H — . (1+ h)H-(1-F)K 


; + 
Also, from the homogeneity of 2, of zero dimension, 


dQ dQ da 


47°bE 
a ae — dA _ b db 


b 


(7, 


0 
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In the neighborhood of the axis, where A; r,—7,, c, and & are small, 


P— B= + 


K 


dM 677 a* 


1 


16 2 2 


1 


6 2 
ately, 


—2c" F = —-; 


+=; 


+ 


3zc* 
16’ 


9}? 


A*b 


a? A? 38aA 
3 ) 
827 a? 


86a? A? 


(7, + 


dQ Ab 967ra? Ab 


(10) = * 


967ra? A? 


dQ. 6 rra® A 
(7, 


(11) db ~ + | 


36a? A? | 
(1 +7) 


On the axis itself, A = 0, 


dQ dQ = 21a?’ 


A simpler resolution of the magnetic force is into components G, and G,, 
perpendicular to PA and PB, and we find (A. RussELt, Philosophical 
Magazine, April, 1907), 


2 


(18) 


G,= 


E—~c"F 


and on the axis d= 0, G, = G, = a/r;, but G, and G, are infinite along 
the wire. 

A similar resolution of the gravitational force of the potential f adé/ PQ of the 
circular ring AB will show that it can be resolved into the components 2G, 
and 2G‘,, but now in the direction of PA and PB. 
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6) 
= 
or 
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Galvanometer constant of a circular coil. 


32. To calculate the galvanometer constant G at a point on the axis of a 
coil of wire of n turns in the form of a ring of given cross section a, we have 
to evaluate the integral 


n ydx 


taken over the area or round the perimeter. 
For a circular section A QB, with the axis of the ring through C’ in fig. B, 


and putting as before in § 26, with OC’ =a/k, 
(3) C’'@=m(t,—t), B= (1 + cos 0) = m*(t,—t), 


— cos 0) = 


we have 


1 1 
(4) m(t,—t)= (7 + 1), t, — 5-1), 


t_—t, 1-—k 
(5) 


2nk? 
a’ ts 


2nk* d dt 
(6) 


[(4-44+4—4)v (t, 


32n 2c 
~ 


The reduction can also be carried out with the functions K and H, by means 
of the angles y and y’, and 


486 
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a ade dx 
(7) Q = 7,8 Xx + acos x, 
4nk 8n (14+ F)H-(1-F)K 
(8) sin’ (x +X ~ 80C’ 


and G@ is given by the same expression when C’ is moved to any point on the 
axis of the tore, the modular angle 8 of A and # being half the angle between 
the tangents from C’’ to the circular section of the tore. 

33. The form of the result shows that the integral for G and dW//db is the 
same essentially ; for the comparison of these and other integrals it is convenient 
at this stage to have the following integrals to quote in the sequel : 


1 ad@ 8ak 
( ) PQ = r+ 
the potential of the ring AB; and as in § 31, 


2aA(1 te 4 t,—ty/(t,—t sat 4 G, 


Since 
d 2aAsin0 2aAcos@ 2a’ A’sin® 
PQ PQ P@ 


PQ 2PQ 


22 


2 PY’ 
PQdé = 4r, 


cos 0d0 8 K-H 


d 2_ PE) PQ —r 


+7) PQ+ apg 


(5) 
> 
Also 
(7) 
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= 
= 4r°[2(14 E— 
3h" (5 + 8h) K], 
sin? 16 (1+c") H—2c°F 8 (14)H-(1—-k)K 


(14) 


c 


(10) 3 { PQcos 


so that as is evident from (7) these last two integrals (9) and (10) are essentially 
the same as well as the integral (1) § 30; and this shows that G@ is also the 
potential of the tore at any point C’ of its axis, the tore being homogeneous 
and of mass 277. 


Potential of an elliptic disc, gravitational and magnetic. 


34. Begin now with the potential V of an elliptic dise 


(1) 


of uniform surface density 1; then (CayLtey, Proceedings London 
Mathematical Society, vol. 6, p. 42) 


2 


where 2 is the positive root of 

-¥° 
3 1—-, =0 

# and v denoting the other two. 

Next by differentiation of V with respect to z the magnetic potential 2 is 
obtained of the elliptic dise, magnetized normally with uniform unit intensity, 
as represented by the component attraction of the disc perpendicular to the 
plane, or by the solid or conical angle subtended at a point ; so that 


2abzd 


reducing to 


488 
# 
a + b? + 0 
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4abzde de 
(5) a= | ‘+ 


This is proved by determining x, y, z in terms of X, yu, v, the elliptic coor- 
dinates, such that (x, y, z) is a point of intersection of the three confocals of 
(3) to the elliptic dise given in (1), when 


(6) 
(7) 


and then 


2 2 


Interpreted geometrically, is the solid or conical angle subtended by the 
elliptic dise (1), or the apparent area, as it may be called; and Schwarz has 
shown that the apparent area or Scheinbare Groésse of the ellipsoid or of any 
elliptic section of the tangent cone is given by an expression equally simple 


(Gottinger Nachrichten, 1885), 


10 4- ry r, r, ,—v)de E,) de 
(By 


where the ellipsoid is defined by 


y 


(12) +r, 


reducing to the elliptic dise as its focal sein when A, = 0. 
Put 
(12) e—A= M*(s—s,), e—p= M*(s—-s,), e—v= M*(s—s,) 
and 
e(ore—A,) = M*(s—c), 
(13) MS, 


(14) 40°b?2 = = — = — 
and then, as in (3), § 5, 


(15) = J 4A = 47 4B. 


489 
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35. ScHWARz’s theorem is proved by considering the equation of the tan- 
gent cone from (x, y, z) to the ellipsoid defined by ¢=2,, which, when 
referred to its principal axes, the normals of the three confocals through 
(x, y, 2) defined by =, v becomes (Satmon, Solid Geometry, § 173), 


e 


(1) 0. 


- + 
w—A, 


one of a family of cones confocal for different values of i,. 
The conical angle © of this tangent cone, and the perimeter ® of the sphero- 
conic on unit sphere of the reciprocal cone 


(2) + (H—A,)¥ + =O 


are connected by the relation 
(3) + = 2r. 


On the reciprocal cone replacing x, y, z by direction cosines 7, m,n, we 
may take 


(4) 


1 


0 


subject to the condition 


om ttm 
(5) P+ m? + nt = 


A—-A, 


and now 


(7) (d®) = dP’ + dm? + dr’? = 


(8) yp, By = — — 


As a point travels round a quadrant of the sphero-conic, ¢ decreases from u 
to v, and 


(9) 
(10) 


de 


(11) QO =2r—®@ af 


A 


in accordance with (5) § 5, 2 and ® being 44 and 4B, Scuwarz’s result. 


P= 
1 1 
m= 
1 
e—A,/’ 
—E, de 
“3vV(—£,) de 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 491 


36. In the notation of Gauss (CayLey, Proceedings of the London 
Mathematical Society, vol. 6; HaLpHen, Fonctions Elliptiques, vol. 2, 
chap. 8) 


and in the region u« > € > v we can put 
G+ G cos? 7+ G’ sin? T=rA—e, 
cos? T+ G" sin? —€, 
(G’ — cos’ T= p—e, (G’ — sin? T=e—», 


V (G+ Geos T+ sin? J_,VE’ 


Uy (A—v)=hK, T=amhk. 
In the region 0 > €>2A>A,, we should take 


(8) sin? 7’ ——-, T=amihk, 
€ € 


(9) G+ cos? T+ G" sin? T=—— 


equivalent to the substitution 


(11) 


37. The inequalities 


show that the form A(fK’') or B( fk’) is required; and from (3) § 5, 
(3) Q =2r(1—f)—4A afk’, 


equivalent to NaGaoKka’s result for a circle expressed by Weierstrass functions; 
and here, as in (6), (7), (8), (9) § 5, 


Trans. Am. Math. Soc. 33 


| 

(5) 

V (4-p—e-e—v) 

A— 
(1) ea’, 
(2) >o>s8,>8>8,>— ©, 
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(4) afk’ = = 
fk’ = F(¢,#’), ¢=am fk’, 


so that LeGENDRE’s Table IX can be employed for a numerical application, 


(6) = sn* fk’ = 
(7) cos’ = en’ fk’ 


A*d = dn? fi’ 


8, — 8. 2 8,—8, A— 


8, — 8 & — 8 


and the modular angle is then half the angle between the generating lines of the 
confocal hyperboloid of one sheet, or the focal lines of the tangent cone. 


38. Thus for instance, if we take f= }, 


w—v 1 1 


aka 


(1) 
kr, 


and now 


(2) mik’=3(1—&), 
At an infinite distance, 
(3) A= CO, singd=1, k=0, K= k’= 


(4) mfk' = =sn¢g—f=1—/f, 
so that . 
a verification. 

Inside the focal ellipse, in its plane, 


(6) A=0, 
but in the plane outside the ellipse 
(7) 


to serve as a verification. 


—o 
8, A—p’ 
—vp 
8 
8, — 8, A— 
1 —p 
“as 
f=9, = 27; 
ark’ =0, 
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Along the edge of the focal ellipse 
(8) = 0, afk’ =0, 
(9) =2r(1—/), 
and two surfaces of constant ©, and ©, intersect along the edge at an angle 
(10) 
see MAxweELL, E. and M., § 487. 

Along the focal hyperbola 
(11) k=0, K = }r, 

zn fk’ =sin d —/, 

so that 


xr 
12 Q. = 27 (1 — sin ) = 2n(1— | ). 
and the conical angle is now bounded by a cone of revolution of vertical angle 
a—2¢ (CayLey, Proceedings of the London Mathematical Society, 
vol. 6). 
On the axis perpendicular to the plane of the ellipse 


dn’? (1—/) 4A 


39. The equipotential surface 2 = 2xf, a constant, cuts the plane of the 
ellipse (or any other area whatever) along its edge at a constant angle 7f; this 
is evident from simple geometrical considerations of the conical angle or appar- 
ent area of the ellipse as seen from a point close to the edge, when the apparent 
area on the unit sphere is cut out by two diametral planes, one parallel to the 
plane of the area, and the other drawn through the adjacent tangent of the area. 


Magnetic interpretation of the potential of the elliptic disc. 


40. In the potential of an elliptic disc, as given by CayLEy, 


195 
0, 
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when modified by (9) § 34, and employing (12) § 34, with 
(2) e=m'(s—c), +e=m(s—a’), a@+e=m(s—a’), 
(3) >8,>0° >— 
v=—m’(o—s,), a+v=m'(s,—a’), 
(5) a’ b?2? = = — 4m®S, 
(6) 
(7) 


and the terms in V are 


de 4abk 
(8) 4ab f 


sabe? $v (—2) ds 
(9) evi S 


= 42A(fK’) = Kanfk’], 
(P+e)\VE s—o’ VS 
4ay 4ay 
de >”) ds 
fez +e)VE = (a? — s—o” VS 


4he 


Abe 
pay (Kas — 


~¥(e— 


(10) 
Kan f'K, 


Here, as in (3) § 2, . 


(12) f : sn’ fk en’ fk dn? fk 


(13) f +f Vs? sn’ K= en? f dn’ — 


Vv 


(14) f +f". sn*f” K en’ f"K dn’? f" K 
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We have seen already in (5) and (15) § 34, that 


IV 
=4A(fK’) =2n(1—f)—4K mn fK’, 


(15) © 


is the magnetic potential of the elliptic dise with uniform normal magnetization 
parallel to Oz, or of the unit current round the elliptic ring; so also 


dV 4a 4a 
(@ - b?) 


is the potential for uniform magnetization parallel to Oy the minor axis; and 


dV 4h 


v (a? — C(f’K')= 


za, [Kas 
for uniform magnetization parallel to Ox the major axis: and 1)’, 2” are the 
components /’, G' of the vector potential of the elliptic current. 

For uniform magnetization of the elliptic dise with direction cosines 7, m,n, 
the magnetic potential is 


(18) nQ, + mM’ + 10”. 


Induced magnetism of a hollow ellipsoid of soft iron. 


41. We may cite here the expression of the induction of a uniform magnetic 
field on a hollow ellipsoid of soft iron, bounded by confocals, of the family 


a? 


(1) 


A, and A, defining the outer and inner surface of the shell. 
We require the three incomplete II. E. 1.’s 


de 


1 


and with the fraction / defined as in § 2 by 


] 
(3) haf +f 
0 VP 


- 
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we find from § 


(4) 


1 


a(a@—b 


a 
B= k)—m(1—A)K}], 


C= [—AH+(1—h)K], 


ab? 


If the external inducing magnetic field has a potential 
(8) V= Yy+ Zz, 


we can examine the components one at a time, so that if the component Xx 
induces a magnetic potential 0 in the iron of the shell, 2, in the outside space, 
and ©, in the cavity, the magnetic conditions are satisfied by putting 


(9) 


(10) 
where 


(11) A,—A 


and then determining Z, and ZL, from the condition, with magnetic permea- 
bility 

dp d 1 dv, 0 


in crossing the inner or outer surface, noticing that 


dA 2px 1 21 


(1 dp dv e+tivP VP 


Other cases for components of V such as wy, xyz, --- are given in the 
Journal de Physique (1881); the hydrodynamical analogues can be devel_ 


oped by means of the same analysis. 


= : 

(6) 

+b 
(7) 

A 

= 2), = L, A 

A,—A 
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Potential of a circular disc, gravitational and magnetic. 


42. For a circular dise put a’ = 0’, 


9 


a+e e](a@+e)rve 


ellipsoidal coérdinates are now unsuitable, and the elliptic coordinates, v and w, 


must be employed, with the substitution 

(2) @+e=a'ch’u, e=a’ sh’ u, 

(3) + = a’ ch’ v cos’ w, = sh’ v sin’? w, 

(4) =a(chv+ cosw), 

r,, 7, denoting the focal distances of P from the foci A, B in fig. A; and 


ch? cos? w v sin? 

ch? ~ gh? 
(ch? w — ch’ v) (ch? u — cos’ w ) 


ch? u sh? 
ol 2 2 2 2 
(ch? w — ch? v - ch? w — cos’ w ) 
(6) V=4a ( r - du, 
eh? w sh 


dV 2de 


Q= ome = y+ 


. sh v sin wdu 
J, shw ch’ v- ch? u — w ) 


Next substitute 
(8) sh? u = ch’ u = m*(s —s,), 


(9) —s,)=1, ch? =~ 


(10) ch? — ch? v = 


8, — 8, 
ch? v = : sh? y = -! 


2 3 2 
w= sin* w = 
o 


e 
8, — 8, cos” w 
( 13) = 
8, — 8 ch? v 


as in MAXWELL’s second expression for M/, § 701. 


(7) 
sh? “i= 9 
9 9 &, 
ch? uw — eos? w = 
—*s 
3 
5) 
| (12) 
3 
Py 
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The inequality sequence runs 

(14) o>8>8 

so that, from § 2, dropping K’, 


1 dn (1 — f) 


(15) chy = dn f 


cos w = dn (1 —/f). 


If then we write A for (2? + y’),x= Acosd,y=A sing, 


A dn (1 — f) k dn?(1—f) 


sn fe 
(17) =shvsnw=- (1—f)en(1—f), 


(18) "7 = ch v + cos w = 


Since 


(19) 


sh udu Vv (o —8,)ds 
(ch? uw — ch’ v -ch? uw — cos* w) VS 


equation (7), as before in (15) § 34, becomes transformed to 


(20) 4A( fh )=2r(1—f)—4Ka fh’. 


To make s oscillate between s, and s,, substitute 


9 8, 2 << 8, 
ch? vy = co’ w= 
8, 8, —s 


3 


43. The potential for uniform magnetization of the circular dise parallel to 


AB is, as before in (16), (17), § 40, 


dV 2a° Ade 


4 ch v cos w sh wu dn 
ch’ u y (ch* uw — ch’ v - ch? w — cos’ w) 


8, — V (8 —8,)ds__ 


VS cos w 


| 
o— 8. 
8—8 
\ wre 
: 
~ COS 8—8 
1 3 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 


From MaxweELv’s second expression in § 701, 
(2) M =4r(r, + 7,)(K — H) = 8rachv( K — 
and this is evident when we notice in figure B that M/ is composed of elements 
cos 8 cos 8 
(3) Po” — PQ 


which is the magnetic potential at P of a strip QQ” parallel to AB, magnetized 
longitudinally ; and these elements are integrated over the circle AQB, and 
multiplied afterwards by 27-A to obtain / for the two circles. 

Replace A by x, then at any point (x, 0, z) 


adée, 


dV 


9 
(4) “de = — dz 


eV 1 dM 


(6) 2a dx? x dx 2 dx’ 


and a magnetic line of force along which J is constant is the orthogonal 
trajectory of the equipotential surfaces = constant; in fact WM is the Stokes 
function of the magnetic potential, and 


- 1d2 

dz dx? ~ 2 dx 


or as they may be written 


d( dQ\ aa 


d({1dM d (1 dM 
(10) dz ) + dx ) 
These are MAXWELL’s results of § 703, obtained from independent physical 
considerations when x and z are replaced by his a and b; the symmetry round 


the axis z shows that the integration employed in MAXWELL’s treatment can be 
effected, so that his result, where V and Q are equivalent, may be written 


0, 


0, 


1M 


(11) dy dy’ 


(12) 


a 
IM 1 


Ir dr 
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The potential of the circular disc is now written, either from (1) or (6), § 42, 


ch? v cos? w sh? v sin? w sh udu 
af > V [(ch? w—ch’ v) - (ch u—cos* w)] 


ch? u sh? u 


— 8, VS 


= (2 = (K— H) — 424(fK’) 


4ak 


~ ehyv 


(13) 


— AY’ — 20, 


of which each term can be interpreted by means of the homogeneity relation 


dV dV 
34) +4 dA dz’ 
since 


(15) 


and therefore 


dV 
dA a, 


dV 4k 8ak 


the potential at P of the circular ring round the rim of the dise. 
Similarly in the case of the elliptic dise in § 40 the term in (8) 


de 4abk 
(17) ab 
may be interpreted as the potential at P of a ring round tie ellipse cut off by 


a consecutive confocal ellipse, so that the thickness is inversely proportional to 
the perpendicular from the center on the tangent. 


The Stokes function of « circular plate and ring. 


44. Denote the Stokes function of the plate by V, using 6 again instead of z ; 
then, as in §§ 31, 43, 


dN dV 
(1) = 27A gg = — + 7,)(K— H), 


dN dV 
as 


= 2rA[2r(1—f)—4K ] 
=27rA-4A(fK’), 


™ 
| 
| 
dz 
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and by analogy 


LN 
= = 27a [ — 4Kz2n(1 —f) Kk’ ]; 


(3) 

a change of f into 1—/f, and A into a; and this term is the Stokes function of 

the circular ring, of which the potential function is given in (1), § 83: so that 

the Stokes function at P of the circle A QB is 27a times the apparent area at 2”. 
Then by the homogeneity of the second degree in a, A, b, of V 


dN dN dN 


a +A +6 
da 


2N = dA db 


= + 87 Afk’ — 4rb(r, + 
(5) A’) B( fk’) + 29° 
For points on the plate, f= 0, V=27°A?: while f=1 for points in its 
plane outside, and WV = 27’a*; and .V — 27° A* may be taken as the Stokes 
function at P of this plate and a coaxial equal and opposite plate at the level 
of P. 


Changing the superficial density from unity to 1/27p, we shall see in the 
sequel that 


(6) 


where J is the function in § 54 investigated by Viriamu Jones for a helical eur- 
rent, or the equivalent cylindrical current sheet; and the potential of the two 
end plates is the magnetic potential of the cylinder magnetized longitudinally, 
while the Stokes function V — 27° A’ is the magnetic potential for magnetiza- 
tion across the axis of the cylinder. 


The various dissections of an integral. 


45. To arrive geometrically at the expression of the conical angle 2 by means 
of the angles 0, 6. ~, y, @ defined previously on fig. A and B, we employ 
the idea given by MAxweELt in E. and M. § 418, that the area 2, cut out on 
unit sphere by a cone whose vertex is at the centre, is equal to 27 minus the 
length ® of the curve traced out on the sphere by the reciprocal cone; this is 
a direct result and generalisation of the theorem that the sum of the area of a 
spherical triangle and the perimeter of the polar triangle is 27 

The same idea is employed by Scuwarz in his memoir Die Scheinbare 
Grosse des Ellipsoides, the apparent area and conical angle being the same 
thing, either of the ellipsoid, or of the tangent cone, or any elliptic section of it. 

If the tangent plane PQ TY of the cone, shown in elevation and plan in figures 
A and B, turns through an angle d® while OQ turns through the small angle 
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d@, and if the normal line Pq of the cone cuts the plane AQB in gq on YM 
produced (fig. B), then @ and g describe curves which are polar reciprocal with 
respect to M; so that (My is perpendicular to gy the tangent at q; and the 
sector velocity of g round M 


dé d® 
1 Me? 1 Pg? 
Mq a °° MyP, 


d@ My Py PM* 1 PM 
P¢ My PY* PM”, Q¥* PQ’ 
PE 


so that, in MAXWELL’s notation, with OM= A, 


1 


P 
Now from § 27 


4 A? sin’? 4a’ A’ sin? 6 ( bdé 2b dy 


so that, in LEGENDRE’s form of § 14, 


dx 
(5) vo 1+nsin?y Ay’ 


+r, 


To reduce ® to our form B in § 5, we put 


(7) sin? x= (8, ~ 
S 


and interpreted in fig. A, where OM = A, OC =ak, OC’ = 


‘), = (45 
8,—8, 


(r, +7)? — 44? 


442 


1 3 
8 —c:o—s, 


8, — 8,°8, — 8, A 


so that, as before in § 34, 
ds 
$V (— 2) ds 


(1) 
2b \? 
| 
o—8, 4A*—(r,—7,) 
(10) | 
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46. If da denotes an element of area at any point Q inside the circle, due to 
any mode of dissection 


and the integrals which arise in the determination of these potential functions 
change in appearance with the method of dissection employed by the use of each 
system of variables; so it will save repetition in the sequel if we cite here some 
preliminary lemmas. 

I. The potential at a point F’ on its axis of a flat ring-shaped disc, bounded 
internally and externally by concentric circles on diameter ab and AB, is 


(2) 4 Fa) = 2"(FA— Fa), 


and thence also the same for any fraction of the ring cut out by two radii at an 
angle 6, replacing 277. 
II. The potential at P of the line AB in fig. A is 


PA+PB+AB AB PA—PB 


and when P is at F’, the potential of AB is twice the potential of OA, and 


OA 


(4) 2th" 


In the elliptic coérdinates of § 42 the potential at P assumes the various forms 


chv+1 sh v 


(5) 
_ cho 9 th-'- 1 ,ch’v +1 
= 2 sh 2 th ch- ete. 


The Stokes function at P of the line AB is 
(6) PA — PB) =4ra cos w, 


an expression much simpler. 
III. The conical angle of the ring as seen from F’ on its axis is 


(7) 
and when the diameters ab, AB are nearly equal, this may be replaced by 


FO x area 
(8) 


Fa” FA 


7A) FO x area 


~ FA: Fa-3(FA+ Fa)’ 


E 
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So also for any strip cut out by two radii; and if the radii make a small 
angle d@, the same expression holds when the plane of the strip is tilted about its 
mean radius OA through any angle, provided /’O is replaced by the perpen- 
dicular /’W on the plane, and the expression becomes 


FM FM 
(9) ( Fa ~ FA ) ao. 


IV. For a narrow parallel strip such as QQ", of breadth dy, and PF the 
perpendicular on it from P, the conical angle at P is 


PM PM x ( 


20s P ?—cos PO'R)dy = 
— cos PQ’ R)dy PR. QQ’ \PQ~ PQ’ 


47. Considering that V + b2 is composed of complete I. and II. E. I.’s, the 
complete III. E. I. which arises in the determination of 0 will serve at the same 
time for V; and according to the method of dissection we shall find it depend 


on one of the five following forms, which we shall represent in the following 
notation, in which the III. E. I. is not restricted to be complete ; 


aA cos 6 + a? bdé *a- MY bdé 
(1) (EQ) -| Me J MQ PQ’ 


PQ 
PY? PQ’ 


= 


*aA cos 0 + A? + 
(3) a(PZ)= | PF PQ’ 


where PZ is the perpendicular on OQ, and PZ? = A’ sin’ 6 + 0’; 


QN? 
PN* PQ’ 


*a cos 8(acos 6+ A) bdé MN bdé 
(5) Q(L R)= {| 2) PQ” PR PQ 


and these III. E. I.’s are connected in pairs by the ten equations following, as 


(4) = 


is verified by differentiation : 


PM-PQ 
6) 2(PY)—2(PZ)= 7, =sin PP. PP. PZ 


= — angle between planes PQYV', PQZ; 


MZ-PQ MN -MP 
come = si 
2(MQ)-— 2(PZ)= L,=sin PZ-MQ PZ-MQ 


= angle between MPQ, QPZ; 


= 
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9) 2(MQ)—2(PL)=L=sin PY: MQ 
= angle between PQT, PQY: 


._,QN- PM MN- PQ 
2(MQ) + = Sy. PN- MQ 


= angle between PQT, QUR; 


PQ _,MN:- PM 
02 (MQ) + 2( PR) = J, = sin >. MQ 


= angle between 


ON -MN 
Q(PR)—2(PN) =I, = sin" cos! 

= — angle between 


sin @(aA cos + a® + 
Q(PR)+0(P¥)=L=sin PR PY 


_, PMecos 6: PQ 
= im — angle between 


PMsin@-PQ aA sin? 6—b? cos 6 
OQ PR) + (PZ) sin PR. PZ PR. PZ 


= angle between OPZ, 


PMsin - P 
py 


_, Sin 0(aA cos 0 + + 
= angle between VPN, UPI’; 


. _, Sin cos 6 + A? + 
0(PZ)+2(PN) =f, =sin" PZ. PN 


6 PS PN 


= — angle between OPV, QPZ. 


505 
| 
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In a complete III. E. I., when @ ranges from 0 to 27, the J term disappears 
or is 27r, and 
® = 2r = 0(MQ)=0(PY)=2(PZ) 
(16) 


We shall require in conjunction with 0( PZ) the associated integral 


*/ (A? + + A cos @) bdé 
(17) 0,(PZ)=| PR PQ’ 
and then hdd 
bd 
(18) 0,(PZ) + 2(PZ) -|- ( A? + 8?) — A cos PQ’ 
a—/y(A?+0*) 
(19) 0,(PZ)—9(P2)= 4 PQ’ 


two III. E. I.’s, with parameter f, such that 


, a—vy(A*+ 0’) 

(20) sn f, ’ sn f,F = 
leading to a simple geometrical construction ; and it is found that 27 — 0, (PZ) 
is the conical angle subtended by the circle at P, on OP produced. 


So too in conjunction with Q( PR) we require 


(21) 0,(PQ)= a cos @) 


A +acos@ bdé 
(22) 0,(PR)+9(PR)=| PO’ 


A +acos@ 


and 0,(PR ) is the conical angle at P, where P,P, passes through B, or 
P,P’ is parallel to AB. 

48. Thus with sector elements ha? 6 for the determination of V, the poten- 
tial dV at P of the element about OQ is given by 


d rdr r+ 70 cos — A cos 

(1) 

20 — 

= PQ — PO — 2A cos 
of which the first part is by Lemma I the potential of the strip OQq'o, between 
OQ, oq’ radiating from Z, and the second is by Lemma II the potential of a 
shaving of uniform breadth d@- A cos @ and length OQ. 


/ 
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As required in integration by parts, the second part of (1) can be written 
a A* sin® 0 1 
PQ+ PQ:-PO +A cos0 + PQ 


2 ( A sin 6th" 


d 
dé 

d a PQ-P O-—«aA cos A’ sin’ 


(3) 


= 2—[ Asi _ 
4 sin 6th Vi o(1 pr) 
aA cos@+ A?+b? bdQ( PZ) 
PQ 
So also, if dQ is the conical angle subtended by the sector element about 
OQ, the application of Lemmas III and IV shows that 
dQ PM PM PM(QZ OZ 
PO PQ” P#\PQ Po 
PO dQ(PZ) PO ad, dQ(PYr) 


PZ = 6 pz + 


) A cos 6 


2 ( Asineth 
and thence the previous expressions in (13), § 43. 


49. The dissection which leads directly to Mincu1n’s integral in the Philo- 
sophical Magazine, February, 1894, is made by lines radiating from MV. 
Denoting the angle AW/Q by , 


(1) dn = sector element about MQ=13MY-adé@ = }(a’+ aA cos 0) dé, 


and by Lemma III, 


PM 
(2) 10 = ) an 


3 dQ dn a@+aAcosé b dn dQ(MQ) 
(°) MQ a ° 
so that for any incomplete are AQ 
Now with the substitution of § 26 and in addition 
(5) MY = —t), 
so that 
(6) BP=m(t,—T), (a+ 


Trans. Am. Math. Soc. 34 


so that 
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then when J/ is inside the circle 

(1) +v (7-4), 
(8) aA cos = }m?(t, + t, — 2t), 

(9) aA cos + a = 


Integrating round the circle, the angle 7 makes a complete revolution when 


M is inside, and 


ts V (¢, — 7) dt 
Q = [1+ | 


— 2 (— 7’) dt 
VT T—f VT 


Qn —2Fe' sn 2fF’ — 
=2n(1—f)—2F m — 2Fe' sn 


hence MINCHIN’s result obtained directly. 
If M is outside the circle, the angle 7 oscillates ; but we must take 


(11) 


and now 


(12) Q=2 | an 2fF"—2Fe' sn fF’, 
e V 


equivalent to a change of f into 1 —/f, as in going from P to P” so that (10) 
may be taken to hold for all cases. 
As P travels round the circle CPC" the quantities c, k, F, &, K, H do not 
vary, and f may be taken as the independent variable. 
Starting from C in the plane of the dise, where f = 0, 
E+ceF V 


(18) Q=%, Vasa, =4aH, 


At C’ outside the dise in its plane, f= 1, 


E-—cF 
= 4a 


As P travels to P”, f increases from f to f’’ = 1 —/, so that 
(15) = + m 2fF’ —2Fe' sn 2/F’, 
(16) sn sin yy’, 


and 2” is the apparent area of the coaxial circle through P seen from any point 
on the circle AB. 


aq 
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V 


(17) A P + Ap" 


= 4F—4Fsin* —(2 4+ 2")siny =4F— 2rsiny, 
which is Mincutn’s equation (23), p. 212, Philosophical Magazine, 
February, 1894. 

When P reaches 7”, f has increased to f’ = 1+ /, 


(18) = —2nf + 2F 2fF' + 2F siny, 


(19) 
but 
(20) V’ —V" =0. 


At f has reached f” = 2 —f; 
(21) — 2” = 47, V—v"=0, 


so that V has no eyclie constant as P describes a curve linked with the circular 
edge; a cylic constant like the 47 for would imply a non-conservative poten- 
tial and the possibility of the creation of energy, called otherwise Perpetual 
Motion. 

50. Dissected by Q.N into strips ydx = a sin® 0d0, then by Lemma IV, § 46, 


v-+ 


asin@ @ bdé dQ dQ( PN) 
PN* PQ PN* PQ’ do” 


so that y of § 27 is the appropriate codrdinate angle, leading to E. F.’s of hA 


and fA’’, and 
a’ sin? 6 bdé 
| CQ’ — sin’ 6 


PAT 


a 4 sin® x b dx 
( Qa ) — sin’ y 


which is reduced to the form A of §5 by putting 

3 8 8, r—r,\? 
sin* = ~ 

(3) 8, Qa 

and this makes 


ls 
(4) [ bv ( ) 44A(fK’) = 20(1—f)— 4K m fk’. 
es, 


(2) 
8, — 8, 
3 
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With the variable y of § 29 
y a’ sin? 6 
(2) — PQ” PN”? 
and denoting the value of Y for y=1 by ¥’, 


4 


so that from (11) § 29 


. 


(7) 
=4B(f' K’)—2K 


in which 


9 2 
(8) dn? dn? fK' = 


from (8) § 45, 
(9) dn? f’ K’ dn’? fk’ =P’, f+f' =1, 
21 
(10) =2n(1—f)+4Km(1—f) K’—4K 
1 2 


as before in (4). 
So also by Lemma II 


PQ + asin @ _, 6 
(11) dV = der} log = asin th PQ’ 


and as before in § 48 we may transform this into 


dV d sin a’ + aA cos dQ(PN) 


so that, as before in (4) $48, over the circle, 


ad@é dV 
(13) V+ 60 -{ (a+A cos 0) PQ = + A 


To connect with the E. F.’s of hF’ and 2/F”, by means of 0( MQ), 


(12) 


dQ dQ ( PN) _ dl, dQ (MQ) 


(14) 


(15) 2 =2r—-02(MQ), 
as in (4) § 49. 


9, ’ 


1907] THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY 


51. Dissecting by lines QQ” parallel to AB into strips 


(1) QQ’ dy = 2° cos’ 
of which by Lemma 1V 


bdy (So R cos?9+aAcos@ acos*6—aA cos bdé 


9 
(2) pps PQ PQ’ PQ + PQ Pr” 


we may take 
3 dQ b dQ(PR) 
and then integrate round the circle from 0 to 277. 
So also from Lemma II, with the same dissection, 
PQ+ PQ’ +2acos 0 2u cos 8 PQ—PQ 


(4) d V=dylog PQ+PQ’—2acos 6 dy th PQ+PQ dy th 


do )- 44?—(PQ— PQS ( Pat Fo) 


PQ: PQ’ 1 1 
(5) = sin? PR (pot pa) 


PQ + P@-PR 
and here again, in integrating round the circle we can take 


a+ aA cos + dé 
(6) (PR b*) PF PQ’ 


and V + 60 is the same as before in (13) § 50. 
52. Finally there is the integration for V and 0 required when the circle is 


dissected into concentric rings; and now d V/dr is the potential of a circle of 


radius 7, and 


dV. ._a 
(1) da = = 8K 


a 


’ 


(2) da= [8K 


of which the result is known already by the other dissections, although the inte- 
gration appears intractable at first sight. 
So also, from (3) § 31 
dQ CV 4ab EB 82ab 


leading to an integral of appearance still more intractable. 
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53. Treating the potential U7 of the solid cylinder in the preceding manner, 
as given by a function homogeneous in the second degree of a, A, b, 


dU dU 
(1) da +A 


the first term is a times the petential of the curved surface, or skin potential 


as it may be called of the cylinder, so that 


1dU b t_—T dt 
9 | 9 -1 1 


not an elliptic integral; but dU/dA and dU/db are given in §§ 44, 54 as the 
potential of the cylinder due to transverse and longitudinal magnetization. 

We shall apply the same method in § 64 to Mr. Coleridge Farr’s problem 
(Proceedings of the Royal Society, November, 1898), to determine the 
electro-magnetic force of a cylindrical coil of finite thickness, where a similar in- 
tractable integral is encountered, in conjunction with elliptic integrals, which we 
consider tractable. 

A graphical representation can be given on the Mercator chart of the integral 
dW /ada in (2) by denoting the angle WQP by ¢, so that 


= sin ¢ = log tan (47 + 


PQ 


(3) th 


then if ¢, @ are taken as latitude and longitude, and the curve drawn on the 
Mercator chart, the area will represent the integral (2). 

Or else th~'(b/P@Q) can be expanded in odd powers of b/ PQ = b/(r, Ae), 
and then the integral of each term such as 


dw 
(4) dD, | (Aw +1 


can be expressed by means of /’ and /’, by means of the recurring relation 
(5) 2n—1)e" D, —(2n—2)(1te”)/D_, +(2n—3)D,_, =9, 
starting with = F, D, = 

Mutual induction of a circle and coaxial helix. 

54. The III. E. I. arises in the ealeulation of J/ between a helix and a 
coaxial ring: this has been carried out by Viriamu Jones in the Philosophical 
Magazine, January, 1889; Philosophical Transactions (1891); Pro- 
ceedings of the Royal Society, December, 1897 ; consult also WEBsTER, 
Electricity and Magnetism, p. 457 ; Mascart and JouBert, Electricity (trans- 
lated by ATKrNsON); and Gray, Absolute Measurements in Electricity, volume 


II, p. 318. 


| 
— 
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It results from the form of the integral that J/ is the same as between the 
ring and a uniform current sheet in a coaxial cylinder replacing the helix, in 
which the linear helical current y, and the superficial current y across unit 
height of the cylinder are connected with p the pitch of the helix by the relation 


(1) Y, = 2upy. 

For if V denotes the number of windings and © the total angle of the helix 
of height 5, 

(2) Ny, = by, where 

The potential of this current sheet has been worked out by MINCHIN in the 
Philosophical Magazine, February, 1894, as being the same as the poten- 
tial of a cylinder magnetized longitudinally, or of two end plates of the cylinder, 
positive and negative; the expression for the potential of a plate has been cited 
already in § 43 above. 

We notice now that VW is the Stokes function of the two end plates, or of 
the cylinder magnetized longitudinally, and that I/y,/27A is the magnetic 
potential in the plane 02 at a distance A from the axis of the cylinder mag- 
netized transversely parallel to this plane with intensity y; and denoting this 
magnetic potential by Q’y, and by W the potential of the solid cylinder, 


(3) = Oy, or Mp = AQ; 


and 


] — aA cos 0d6 dz 
(4) AQ’= — 7 — aA cos 6dé@ th" 


b 
PQ’ 
the first integral expression given by Viriamu JONEs, employing his notation of 
a and a? + 2° for MQ’ and PQ’, but using z instead of #, and changing his @ 
into 7 — 6, to agree with the preceding treatment. 


The result for M/p is the same whether 2a denotes the diameter of the helix 
and 2A of the ring, or vice-versa as with Viriamu JONES, being symmetrical in 
aand A. 

Integration by parts enables him to replace (4) by 

5 AQ'= | =) | (—aA cos —i(a—A*)O(M 


integrals discussed already in §§ 33,49; and (5) is the equivalent of the double 
integral 


6 tore CA sin? "2a? dO dz 
J (a + 27)! PQ’ 


showing that the magnetic potential 0’ at P of the cylinder magnetized parallel 
to OM is the same as that of the surface magnetized circumferentially with 
intensity @ sin @. 
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It is the second form (5) which is reducible immediately to the standard 
elliptic form, and by the substitution in §§ 26, 49, writing 


(T) MY = = A? + 2Aa cos + a? = 

(8) 

(9) B=m(t,—7T), (a+ 
and thence from (5) 


dt 
m*(t,—t)(t — t,) v(t,—t-t—t,) 
(10) AQ m(t—t) my(t,—t) 


(4 — t)(t— t, dt 
t)v 7° 


= mb 


—t,-T—t It 


ty(—T’) dt 


Hence, on fig. A, 


T—Tt a-A 
r, =cos vy, 
(12) 


=am 2/F", 
so that 
(13) pM=r,b[F— E+ Fe"  — cot cos B(2/F’)]. 


M 


E — cot cos A(1 — F", 


(14) 
the equivalent of Viriamu JoNeEs’s result in (6) p. 198, Proceedings of 
the Royal Society, 1898. 

We shall replace his angle 8 by y, to avoid confusion with MAxwELL’s 
modular angle 8, and then 

tany’ a—Ar (aA) 
= 9 == = Ss == 


so that the angle yw; is constructed on fig. A by drawing the circle on the 
diameter AM cutting the axis OF in G, and then drawing OP, perpendicular 
to the radius GO’ of this circle, then the angle OAP, or OGO' is ¥. 


€ 
4 
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55. With the notation of § 47, equation (5) § 54, is written 


(1) 240’ + (a? — A*)0(MQ)= 008 8) Bo: 


hdé 


(2) 240’ + A*)O(PY)= 008 8) — (a — A*) 


and in a complete revolution of @ from 0 to 27, 
MQ?’ + — A® bdé dé a’ — A* bdé 
) 


+ 2B(2fF") = 2Fe' sn 2fF" + 2B(2fF’) 


equivalent to the result in (10) § 49. 
Also J, vanishes in a complete revolution of 6, and from (16) § 47, 


=4B(fK’), 
so that 
bdé 


2A’ + 4(a?— A*)B(fK’') = (a — aA cos 6) PQ 


bK 
+ 2b(r,+7,)(K—#H), 


. . + "2 
in which 


2a 1 


(6) pM= AQ’ =b(7,4+7,)K dv’ + b(7, 4+ 7,)(K A) 
—2(@— A’)B(fK’), 
in the form given in (5) § 44, the quadric transformation of (13) § 54. 
This again, by means of (2), (3), § 17, can be transformed into 


M mn 


Of) K’ 
(7, +7,)9 sn 2fK' C(1— 2f) Kk’. 


In the indeterminate case of 2/=1 and C(1—2f) K’=o, we have A=a; 
but returning to the integral in (10) § 54, and putting 7 = ¢,, 


mb ((t—t,)dt 


(9) r(F— 


and this is the coefficient of self induction of the helix on a final turn of itself. 


z 
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Numerical calculation of the mutual induction. 


56. The numerical calculation of M for given dimensions a, A, b now 
requires the five operations following, in the numerical tables of F. E., vol. II, 
LEGENDRE, and it is useful to check the calculation on fig. A, drawn to scale. 


I. Caleulate and from 


b b 


(1) tany =~ tan 
and then 


r,=(a+A)secy’, r,=(a—A)secy. 
II. Calculate y, and the modular angle y from 
(2) 
III. Caleulate f by Lecenpre’s Table LX from 


F(w,,¢) 


IV. Caleulate zn(1 — 2f) F’’ by Table IX from 
(4) an(1 — 2f)F" = E(f,¢’) —(1—2f)# (47, c). 


V. Look out 
(5) F=F(47,c), . E(}7,¢). 


When / is one of the rational fractions of (1) §4, we can express c¢, ¢, 
sn 2fF"', zn 2fF'’, ---, as algebraical functions of a parameter, leaving /’ and 
E as the only transcendents, and these are tabulated by LEGENDRE in his Table 
I to an extra degree of accuracy. 

In the numerical application of Viriamu Jones, Philosophical Trans- 
actions (1891), Proceedings of the Royal Society (1897), 


2a = 21.026738, 2A = 13.01997, 2b = 5.02480 (inches), 
a— A = 4.00338, a+ A=17.02335, b = 2.51240; 


and working with four figure logarithms we find w= 32° 3’, wy’ = 8° 24, 
y = 74° 1’, w, = 58° 58; or to the nearest degree, y= 74°, w, = 59°, thus 
avoiding proportional parts in Legendre’s Table IX: /’ = 2.70807, 
= 1.08443, and = 1.60198, = 1.04123, 1 — 2f= 0.6500, 
f= 9.1750, af = 0.54985, E’ = 1.54052, (1 — 2f) = 1.00134, 
Ew, =1.01847, — 2f) = 0.04638, 
A(1 — 2f)F"= 0.5034T, cot cos A(1 — 2f) 0.7952, 1.62386, 
M/r,9 = 0.8284, @ = 2017, r, = 17.21, M= 9001 inches, as against 9028 
inches, given by Viriamu JONEs. 
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This rough calculation is retained for the purpose of showing the term requir- 
ing extra calculated figures, compared with the parts where fewer figures are re- 
tained for the same degree of accuracy ; thus of the three chief terms of W/r,0, 
the first — = 1.6236 is about double the second cot cos = 0.8638, 
while the remainder cot y cos y’ F’ zn (1 — 2f) F’ = 0.0734. 

The modular angle must thus be determined with extra accuracy for the 
determination of /’— £'; and in this case raising the modular angle by one 
minute to 74° 1’ will make / — F = 1.6258, and raise W/ to 9024. 

A diminution of 0.1 per cent. in f in the second term will raise 1 about 
0.05 per cent. to about 9028.5, without affecting the last term appreciably. 


Variation of the induction due to change in the dimensions. 


57. Viriamu JONES ealeulates the effect of small error of measurement 
dA, da, db in A, a, b in giving a change dV in M, such that 


OM\dA da db 
(1) (i= (4 OA ) A + (« Ca ) a 7 (2 ob ) 6’ 
so that 1 per cent. change in A, a, b gives a change in V/ of 
A OM a oM b OM. 
100 04’ 100 da’ 100 


and their sum is J//100, because J is a homogeneous function of the variables 
A, a,b, and of the first degree, the total helical angle © or number of wind- 
ings © ~ 27 being kept constant. But if the pitch p of the helix is kept con- 
stant, M/ is of the second degree in A, a, b. 

Differentiating the double integral expression for J in (4) § 54, 


(9) V (a + 2°) 


and supposing the limits of @ to be 0 and 27 in the sequel, we have 


oM (A + cos Aa eos dz 


(0) A OA 


OM fete cos 0) Aa cos _ ea cos@ dé 


ay (a + b*) MP PQ’ 


and similarly 


acos + Aacos 6d@ aA cos 6 + A? dé 
- = Oa’ 


*(A 
oa M+0 | MQ PQ’ 
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so that 
dM dM — aA cos 6d8 


while, keeping © constant, 


— aA cos Od6dz 
(8) 


dM -aA cos 
(9) bo, + iz 
and then 


dM dM dM 
(10) a + Aa +b db = M, 


da 


a verification of the homogeneity. Also 


1dM 1dM © sin 
(11) AdA + a du S 


1dM_1dM_. dé 
4B(fK’) 


l1dM 2 4A(1—f)K’ 
[ Fe’ sn 2fF" — B(2fF’)] = — — 


and we see now that the conditions ave satisfied that this 17 of Viriamu JONES 
is the Stokes function of MIncHIN’s pair of end circular plates of density 
y = + 1/2:p, corresponding to a helical current y, = 1, and 

dM dM dM 


(15) da +4 dA +6 db +m, 


(16) pM = —2a'-A(1—f)K’ + B(fK’) + + ,)(K—H), 


(12) 
(13) 


(14) 


a du 


in agreement with (6) § 55 above. - 


58. Thus the magnetic components for the helical current y,, axial and 
transversal, are, for magnetic potential 0, 


dQ y, aM 


db =~ 4yB(fK') = — + 4K an fK’), 


(1) 


and, now keeping p constant in (8) § 
dQ — cos 6d6 
dA 2rA A au 


= 4y-! *(K — H)=4y dn fK = (1 —f) 
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With 5 = oo we must take ¢, = 20, and the integrals in (10) § 54 reduce to 


“et —t-t—t, dt 


(3) pM = AY = | 


e tz 


dt 
—t+T—t, V(4-t,—t-t—t) 


t,—t, 


(4) 
(r= 


with 
(5) 4aA=m?(t,—t,), (a+ 


so that 
(6) pM=7A*(A <a) or 


Otherwise, with b = oo in (5) § 54, 


(T) pM = AY = or 7a’, 


employing the substitution of § 26. 
Thus for the infinite helix, in the plane of the end AB, 


(8) 
and at or M’, 


4y( K,—H,), 


OA 
OM’ 


Thence by subtraction, for a helix extending from 6 to infinity, 


4yA(fE'), 


d 
(11) db 


[ K-H 


(12) dA dn(1—f)K’~ & 


with 2f>1, according as 


dQ K, —H, 
(9) 

OM 
(10) 
i 
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Potential energy of two coaxial helices. 


59. There remains still the evaluation of the potential energy of two coaxial 
helical currents or of their equivalent cylindrical current sheets, given by V. 
JONES in $13, p. 202, Proceedings of the Royal Society, 1897, and 
this is the same as the mutual potential energy of the two pairs of equivalent 


end plates. Viriamu JONEs shows that this energy depends on the integral 


(1) [cos (2). 


2) 


Aacos @ 
) 


(3) F(z) = Mz + 


and the second term in /’(z), 


dé +27), 


It 


T 


d dt 
=" 


the same integral as for G in $ 32. 


(4) 


But it is the force between the two helices which alone is required, and this 
is given by dF'(z)/dz, or by the change in /’(z) due to a small relative axial 
displacement of the helices, and as this is equivalent to the removal of a circu- 
lar element from one end to the other of a helix, this force depends only on the 
difference of the values of .1/ between one helix and the two cireular ends of the 
other helix; and this is caleulated by the preceding analysis, which gives the 
value of WV as a function, say W/(b), of b the height of one helix say of radius 
A, when the ring of radius a is in the plane of one base of the helix. 

When the circle is at a distance z from the mean section of a helix of height A 


(5) M= M(z+ 3h) — M(z—}h); 
and since W(—z)= — M(z), this makes = 3h), in the mean section. 


The hydrodynamical analogy is complete, J/ being the Stokes function, and 
V(z+ 3h) —V(z— 3h) the velocity function, V(z) denoting the potential of 
a circular plate, due to a uniform distribution of source or sink over the plate, 
thereby producing a streaming motion circulating through the helix, a line of 
flow having J1/= constant: thereby we gain a physical conception of the lines 
of magnetic force inside and outside a solenoid. 

MAXWELL’s figure XVIII can be utilised by the method of superposition for 
drawing these lines when the ring is made to expand into a cylinder by pro- 
gressive axial displacement. 
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Exploration of the electromagnetic field. 
60. The exploration of the electromagnetic field of the ring current is given 
by MaxweELt, E. and M. § 702, and in fig. X VIII by drawing the twelve sur- 
faces = taking 


(1) f=(0,1, 2,8, -.-, 11, 12) 


equivalent to direction at the ring on a clock face at B, for every hour and half 
hour from XII to VI, and again from VI to XII. 

Any surface 2. = 27f will cross the axis Oz at a point H such that 

OH 

(2) sin yy = sin OBH = 
so that /7 is determined geometrically by drawing a circle center A and radius 
(1—/)AB, cutting the circle on diameter AZ in H’, and joining BH’ cut- 
ting Oz in ZH. 

Thence at O, where f= 1, 


dQ 
a(1—f)” a’ 


the galvanometer constant for the ring. 

Practically we need only draw the surfaces from f= 0 to }, or between XII 
and III o’clock, as the remainder from III to VI can be inferred by the theorems 
in (25) that OM: OM = OF for points P, P’ on a line through B. 

In another method of exploration we can utilize the analytical results given 
in Philosophical Transactions, 1904, and determine the value of 0, V, 
and M in §$ 34, 42, 43, 44, 54, when 2/ is one of the simplest rational fractions, 
such as 

9 
(3) 
5 


In this method it is simple to work with the elliptic functions to modulus c’ 
and argument 2/F” and to use the quadric transformation to obtain the result 
to argument fk’, if required. 

A curve along which 2/ is a rational fraction is an algebraical curve, passing 
through A at an angle 7 with Ox, and having Oz as an asymptote. 

We proceed to trace a few of the simplest, and for this purpose it is useful 
to employ a stereographic chart with poles at A and B, and center of projec- 
tion the antipodes of O, in which case, as in § 25, 


(4) k= tan }A =tha, ce’ = tan (45° — 3A) =e *, 


X denoting the latitude, the angle FOL on fig. A. 
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Exploring the values of 2, V, M at the principal divisions of the clock face: 


‘ 
XII o’clock, 5=0, 9 ak = 
huts tam. Mee 
1+e 
a 1+¢ 
VI o’clock, f=i, b5=0, 
vam. mas 
1—c 


III o’clock, 2f=1, x=a, 2=2a-, siny’=c’, p=2am}A'—}r, 
2 2 2 


Q=r—-2F’, V=4a = 2a 
c 


c c 


) M F-—E F-—E 
— = 2 


on reference to (9) § 55. 
II o'clock, 2f = %; and (see Philosophical Transactions, 1904, page 
261) in region B, 3 >p>1, 


16p 16p 
3 — e 3 — 
zn 3 = 6 VPs zn wa = 6 VPs 
cos = cn 3F of cos = dn 3 = sec —secy =1, 


along the curve, analogous to 
or tany +tany’, or cosy + cosy’, --- a constant, 


a circle, or parabola, or magnetic line of force, - -- in biangular codrdinates y, Y’. 


9 
: of — 1 i 
I o'clock: 2f =}, sin V = sn 


1 
I. 30, 2f=}, =am }F’, sin b= sin = /(1—c), 


tan’? y — tan’ y= 1, 3. 


(a+a)~ 


9 
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| or ? (Philosophical Transactions, page 478), 


XII. 45, or II. 15, 2 
1 


l1>p>y2-1, ye=} 


? 


1 Py\(—1+42 
+ 2p + 3p?)(—1+4+ 2p +p’) 


1 
cos’ = dn*} = P) 
(1 
2 == r 7 1 fy” = 
(1+ p)(1—p)” zn 16) 
and a change of p into — 1/p will change 2f from } to }. 
XII. 36, I. 12, I. 48, I. 24; 2f=1, 2, 3, 4, and the results in Philo- 
sophical Transactions, page 264, to be consulted. 
XII. 30, II. 30, 2f=}, 8; consult page 283. 
61. In an apparatus constructed by Professor AYRTON and Viriamu JONES, 
2a = 18 inches; 


2A =8, 2 


and then for the height 5 we shall find in correspondence with 2/, 
1 
b 0, 1.36, 1.47, 2.57, 4.59, 9.79, oo. 


For if 
(1) 2f =}, (eA)™* 
(2) 2f=—#%, =c’ sn’(1—2f)F’ = 4p 
b 2p 
» 2.8322 2 Vi 
p = 2.8322 b = 4.593, 
2yaA —1 
(3) 2f=}, =dn = p = 2.9428, 


4aA 416 (1l+p)(1—p) 


(4) “(a+ A) 441~ 4p 
a quartic for p having a root p = 0.43 and making 
c’ = 0.695, 


c= ] : 0.719 
= } a? = 9.719, 
cos’ = dn? = 


b=(a+A)tan = 


9 
C= ( 


1 
6 


Trans. Am. Math. Soc. 35 


= 43°), 


9.79. 
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Similarly for 2f = }, 6 = 1.364. 


62. To determine the proportions of the apparatus when the modular angle y 
is raised to 75°, and we take 2f = 4, as in fig. A, we put 


— 3 


of which one root is p = — 1/8, but this root leads to 
(2) sn} P= 13-1, dn} 


But with the other real root, 


(#24+1\)_ 
(3) = ( ) = 2948661, 
(4) ese = sn = }(p+1) = 1.97433 ( = 30°26), 


(5) sin = - 0.1319 


(6) sin = sn = = 60° 26 ), 


(7) cos = dn = }(p—1) = 0.97483 ( = 13°13’), 


(8) r,=(a+ A)secy’ =(a+A)dn}h" 
(9) m (1 — 2f)F" 3F" =} (3p! —p), 


6 


6 
(11) # = 2.768063145, FE = 1.076405113, F— =1.691658032. 


4p 


These angles are contrasted with fhose of the apparatus of Viriamu JONEs in 
the table following. 


= 0.33 0.35 


sin~'c = ¥ T5° = 
sin-'k=B 386° 4’ 34° 36’ 
30° 26’ 32° 
T° 34’ 8° 24’ 
60° 26’ 58° 58’ 
13° 3’ 13° 36’ 
0.63196 0.61921 
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63. If the windings of the helix are not complete, or if the current is consid- 
ered through a fraction of the circular ring, the theta functions are required or 
the pseudo-elliptic algebraical III. E. I. can be employed for a rational value of 
the fraction f, the simplest cases of which will be found worked out in the 
Philosophical Transactions, 1904. 

Lord RaYLeicH has shown, in a Report to the British Association 
(1899), that all error in extreme cases of this assumption as between two coaxial 
helices is eliminated by taking an average for different symmetrical positions. 

One object of the present memoir is to see if by a slight change in one of the 
dimensions of a helix, say the height 5, designed for the experimental determi- 
nation of the ampere, it would be possible to make 2f one of the rational frac- 
tions given above, and so simplify and check the numerical work. 

Or we may construct the apparatus so as to make the angle y in fig. A or 
8 in fig. B an integral number of degrees, so that the value of /’ and / or 
K and H can be taken out of Lecenpre’s Table I and IX without use of 
proportional parts, and utilise all the decimal figures. 


Potential and Stokes function of a solid coil. 


64. To solve Coleridge Farr’s problem for a solid cylindrical coil, we have to 
determine the potential W and Stokes function P of a series of coaxial helical 
currents or equivalent cylindrical current sheets filling up a solid cylinder, inte- 
grating with respect to the radius the expression for a cylindrical sheet. 

It is simpler to determine W for a coil stretching in fig. A from the plane 
AB to infinity on the right, as this is equivalent to integrating over a single 
circular plate AB of superficial density y = y,/2p (qualified as shown in (8) 
by the factor a —~r, r referring to any internal radius OQ’), the influence of 
the other end plate at infinity being insensible. 

In $ 48 we have found for the potential V of the plate AB of unit density 


dV a 
(1) = PQ— PO- A cos + PO’ 


the equivalent of d? W/dad0@, and integrating by parts with respect to a, 


a 


dw 
10 = { (PQ-PO0)da— A 0038 


= (4a + 3A cos 3A cos 8)PO 


— 2th" } A? — 36° + aA cos 8 + 3A’ cos 20). 


a 
PQ+ Po! 
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Integrating again with respect to 0 from 0 to 27, the term 


(3) T= 2h 


is not an elliptic integral, and so considered intractable, like the integral (2) 
in $538, to be denoted by Z,; but 


aA 2th (1- PZ A cos 0+ A? 59 


10 
= cos 04 PO + ab[( 2x — O(PZ)] (A? +B). 


fa cos 26 - 2th PQ+ pov= aA PQ 

+ (A +08) (a+ A e088) (A? 0, (PZ), 
so that W is composed of 


6) — ab[2r—0(PZ)), 3b (A? (PZ), 
(6) 2 4 ) ( Sv \ ) 1 


(5) 


and I. and II. E. I.’s, amounting to employing the theorems of § 33, 


A? — 188") + 


2W = 34°) 2ab[ —0(PZ)] + (474+ (PZ) 
(7) 
(a? — A* — 130’) + 3ar, Z. 
The potential W may also be considered due to the circular plate AB, sup- 
posing the density at any interior radius O( = r is a —r; and then, expressed 
as a double integral 


(a—r) )rdrdé 


lr dO 
(9 “la = fe = potential of the end plate of uniform density 


10 
=| (a? + aA cos 


(—(4—7)(r cos + A)rdrdé 
dA PQ 


2r, = 
(8) w=|{ 
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(11) 


> 


dw —(a— r)rdr-bdé 
PQ 
and 


dw dw d W ow 
(12) “da +A dA +6 db 2W, 


the homogeneity condition of W, of two dimensions in length. 


65. Other double integrals required in the calculation are 


dr - bd. 
JJ PQ 


the apparent area or normal attraction of the dise AB; 


0,( PZ) = ff ( A? bdé 
drdé@ 
I= ff 


the intractable integral (3) § 64 which is the potential of the dise AB, with 
density 


1 1 Aecos?6/a+ Acos@ Acos@ 
(4) ( ) a0 


Ab 02,(PZ)+y(A +B) PE” 


from (17) § 47, and the third integral vanishes ; 


dr dé dé ( A? +6) 
(5) ff PQ =I—2a Pot b 0, (£ Z), 


1dw 
6) 


dW dw dw 
A — W—a du db 


dé V (A? + a 
=1-%f pot 0,(PZ) 


dP dw dP 
—, 
(8) db an A dA’ dA 


527 
(2) 
(3) 
,aW 
- 
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66. The Stokes function P can be found by an integration of Viriamu 
JoneEs’s M, but an infinite constant comes in when the coil stretches from } to 
co; so returning to a coil extending from 0 to b, or from AB to the parallel 
plane through P, 

?P <dpM_ a?A’sin?@ b 
(1) MQ PQ’ 
and since 


(2) a’ = MQ — 2A cos + A cos 0) + cos 20, 


= A’ sin 0 — 2A’ sin’ cos 


bda 


+ A? sin’ 0.00826 PQ 


cos 6 (0 Po —th-' Po) 


(3) 


= A%}(1—cos 26° 
= A*b (1—cos 26) POQ+ t24° sin 


— A' sin cos 26 E — tan 0) | 


where J, is given in (7) $47, and the integration of this term by parts with 
respect to @ will depend on 0( PZ) and 2,( PZ); and P is thus composed of 
3A°bJ and I., II., and III. E. I.’s, which can be evaluated in the preceding 
manner. 

The intractable integral 


of which the second integral vanishes. 

Putting (a + A cos 0)/PQ =sin ¢, so that ¢’ is the angle between PO and 
PZ, and drawing the curve on the Mercator chart connecting latitude ¢’ and 
longitude 6, the area will represent J, as before in § 58 for J. 

For a flat coil in the plane AB, 


— 27 Ar cos 6 drdé 
(5) ={f- PQ 


? 
6) = — 2A cos 0(PQ— PO) + + cos 20) th- 


a 
PQ+P0O’ 


so that 
(T) P and and IIT. E. 1.’s. 


| 
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Legendre’s discussion of the oblique cone. 

67. The method of discussion by LecenDRE of the surface of the oblique 
cone in his Fonctions elliptiques I, p. 329, may be resumed here, because his 
®, the angle of the sector of the developed surface, and © the conical angle of 
opening of the reciprocal cone are connected by the relation 
(1) = 27, 


so that one calculation implies the other. 


D. 


Adopting Lrecenprr’s notation for his oblique cone on a circular base, figures 
C and D, and considering it as the reciprocal of the cone discussed previously 
in figs. A and B, then PM the perpendicular from the vertex P on the plane 
of the circular base AB making an angle X with PC the bisector of the angle 
APB, and the edges PA’, PB’ of the reciprocal cone making an angle 2’ with 
PC, and putting (LEGENDRE) 
(2) AO= OB=r, OM =f, MP =h, PA=a, PB=d, 


(3) sin PAC =sin(X' + cos +2) 


a? 
h 


a’ 


sin PBC =sin(X’ —2r) = =F, 
9 

r— f 
aa 

h(a’ + a) h(a’ —a) 


sin A cos = 


cos 2X = 
cos 2X’ = 


cos A sin A’ = 
Qaa 


tant a—a 


(8) 


in LEGENDRE’s notation. 


(4) 
(5) 
(9) 
(7) 
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If Pq is the generating line of the reciprocal cone perpendicular to the plane 
PQY, making an angle 8 with PW, and c denotes cos AOQ, 


, MY r—fe sin2’’—cam2r 
(9) “f= 


cos 2X —cosr 


cos 8 cos 2X’ + sin 8 sin 2X’ = cos (2 — 8) 

10) 

( = cos 8 cos 2A + csin sin 2X’ = cos 

if 8’ denotes the angle between PQ’ and MM’ the perpendicular on the other 
circular section of the cone in fig. )); so that 


(11) 


or the sum of the angles which PQ’ makes with PM, PM’ is constant, and 
these are the focal lines of the reciprocal cone in fig. A ; hence the fundamental 
property of a sphero-conic. 


68. LEGENDRE denotes the angle of the sector 4P@ when developed by ®, 
and the angle A OQ by @, so that 


(1) = PY -rdo, 


rdw 


9 
(2) o= | PY? 


and, writing ¢ for cos @, 
(3) +h’, PY? 
The angle YP Y is the y of LEGENDRE, and to reduce ® to our form, put 
ft +l? 
 (r—fey+h? 
Py? =" 4+ 
(6) m?(o—s,)=1. 


(4) m(o—s)= 


(5) m*(s,—s)= 


Then, as before in § 29, 
aa 9 
(a +a)e—(a—a)\? 
(8) — s,) = a( ) 


(‘<4 a)—(2 — 


Putting s=s,,c= +1, 


9 an 9 an 9 
m*(s,— 8,) = m’(s,—8,) = Sin’ 
2 2 2 
(9) , 2 
an ‘ 
m*(8,— 8,) = m'‘(8, — 8,)(8, — 8) = 


| 
. 
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8, — §, 


(10) sin? = 
so that A is the modular angle, 


(11) 


cos A —1 = 


h 
(12) m?(o—8,)= sin’ A +1 = 


Im 
(13) 3) 
Again from (11) § 67, 
tan (8 — 2X’) = tan (A’— = tan — f’) 
(14) c cos A sin sin A cos (a+a)e—(a—a) 8—8, 
cos AsinA—csinACOSA a+a—(a—a)ce 
so that as before in § 35, 


Shde ds 


om = 
(15) 1 (4-8, —s:s—s,)’ 


rdw — rde — frde r ds 
PY~ PY¥\(1—@) PY¥?-my(s—s,) 


“o—s,r ds 4) (—) ds 


(16) 


We notice now that in LEGENDRE’s notation, with 


a’ — a4 
(18) cos 0 = Tae and tan }w = tan 36 tan }¢, 


equivalent geometrically to a change from the excentric anomaly @ to the true 
anomaly ¢ in an orbit of excentricity cos 6, 


cos @ — cos 8 
a +a—(a’—a)e 1 — cos cos 0 


s—s cos 
20 3 3 
(20) Vi tan A cos Ad 


and the elliptic functions here are a quarter-period out of phase with the pre- 
ceding in § 26, and 


(19) 


=am(1—h)K. 


2 
o¢—8,8,—38, h 1 4aa 


* 9 
dn’? fK' o—s,8,—s8, aa’ sin?’ + a)? 


(22) 


so that 


(23) @=am(1—/)K’. 
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Stereographic projection of confocal sphero-conics. 

69. Describe the unit sphere with center P, cutting the focal lines PM, 
PM’ in A, Band PQ’ in C, so that in the spherical triangle ABC (fig. 2) 
(1) AB=c=2h), BC+ 
and the locus of C is a sphero-conic for 


constant a+6 or or the orthogonal 
confocal sphero-conics having a—b or A 


G 


constant. 

Projecting these confocal sphero-conics 
stereographically on the tangent plane at F’, 
the middle point of A’ B, where the spheri- 
cal triangle A’ BC is colunar with ABC, 
and putting CP =0, we can 
put, according to BurNsipE, Messenger 


of Mathematies, vol. 20 (1891), p. 60, 
( = sn (v + wi, c’) tan }(*—e)], 
and obtain the orthogonal system of curves given by HoLzMi'LLeR in Jsogonale 
Verwandtschaften. 
Here = 90 + 3c, FB = 90 — }e, 


cos a = cos @ sin 3c + sin 6 cos 3c cos ¢ cos b 


(3) 


= — cos @ sin }c + sin @ cos 3c cos d. 


sin }(b—a)s 
(4) 2cos @sin $c = cos a — cos b, cos 6 = ——— postin) 
sin 3a 


in}(b+a) 


But, writing w, w’ for v + ui 
1—c’ snwsnw 
(5) tan 30=c’ snwsnw’, cos 6 = . 
1+c’ snwsnw 
1—e'sn’?v 1+c’' sn’*ui 
(6) cos = 
1+c’sn’?v 1—c’' sn’ wi 
so that replacing v and u by fF’ and h¥’, and employing the quadric trans- 
formation, 


(7) cos 6 = 


dn 2hKi’ 
(8) sin }(6+a)=dn cos 3(b6+a)=K' sn fk’, 


sin —a) 1 en 2hK 
singe  dn2Ai dn2hK~ sn(1— 2h) K, 


(10) sin }(6—a) = Asn(1 — 2h) K, 
(11) cos }(6— a) =dn(1 — 2h) K, 


(12) k = sin }e, k’ = cos 3c. 


* 
| 
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Thus A = } makes a = 5, and the stereographic projection of the great circle 
GH is a circle, the coalescence of two branches of a quartic curve in Houz- 
MULLER’s diagram. 7 

From Naprer’s formula 
cs}(A—B) tan}(a+b) dn fK’ 1 
cos }(A + B) tanjc «sn en (1—f)K’ 
we deduce 


(14) tan 3A tan} B= 


(13) 


1—en(1—/f)K’' 
1+en(1—/f)K’ 
and from 
sn}(A—B) tan}(a—b) 
 dn(2h—1)K 
we deduce 


(16) tan3}A+tan} B= 


(15) = —en 2AK 
1—en2hK 

1+ecn2hK’ 

1—en(1— 1—en 2A 

(17) ‘1+ en 2h’ 

_ en(1—f) + en 2h sn (1 — f) sn 2A 

~ 1+en(14+/)en 2h’ 1 + en(1 en 2h’ 
1—en(1—f) 1+ en 2h 
1+en(1—/f) 1—en2h’ 

en(1—f) — en 2h sn (1 —f) sn 2h 

1 —en(1 en 2h’ 1 —en(1—f)en 2h’ 


sin A = 


(18) en A 
(19) tan’ 3B = 


sin B = 


(20) cosB= 
and so on. 

70. If VV, NV’ are the poles of the circular sections of the cone, or the foci of 
the sphero-conics of the reciprocal cone, 
tan 3c 


(1) sin EN = —f)K’, 


and we find by Spherical Trigonometry 


(2) cos CN, CN’ =cos CE cos EN=+ sin CE sin EN sin CEA 


and 

cos + cos — db) 
(3) cos CE = a =snfdn(1— 2h), 
V sin s sin (s —c) 
cos $c sin} (a+b) 
/ {sin s sin(s—a) sin(s—b) sin (s—c) } 


(4) cos HN = 


(5) sinCHsin CEA= : 
so that 
(6) cos CN, CN'= 


=cen f en (1—2h), 


sn fen f 


dn? [dn (1 —2h)+hen F, 
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and 
(7) cos CN cos CN’ = c' sn’ 2fF’’, a constant, 
a fundamental property of the sphero-conic. 


71. If dA denotes the element of plane area cut out by consecutive quartic 
curves, 
(8) dA=c' enw dnwenw' dnw’: F- dh: F’-df 
and if dw denotes the corresponding conical angle, 


cen w dn wen dnw’ 


(9) dw =4cos Vi0dA = 4 FF'dfdh, 


and putting w, w = 3/K' +/hKi, this becomes by the quadric transformation, 
1 — k (dn* w — k*)( dn‘ w’ — 
k (1 dn? w dn? w’ 
1 sn wen w sn w' enw’ 
( ” dn w dn w’ ) 
2 (dn‘ — (dn! w _ KK’ 
(dnwdnw +k snwenwsnw enw 
dn’ (w+ w’) dn’ (w—w')—k 


dn?(w — w’ ) 


(10) 


2 
KK dfdh 


=2 ( au KK dfah, 


Ie 
~ dn? 


in which the variables are separated. 


Performing the integrations between limits such that A ranges from 0 to 1, 
and f from 7 to 1 and doubling for the whole conical angle 0, 


(11) SS KK dfdh = K[((1—f)H’ —mfK’], 


= f [1 —dn*(1— 2h) K] KK'dfdh 
1 
(23) =(1 [1 —dn?(1— 2h) K] Kdh 


so that 
as before, for the complete cone; but (10) shows that the apparent area of any 
curvilinear quadrilateral, bounded by two pairs of HoLZMULLER’s curves can be 
expressed in the same manner by the I. and II. E. I. 

Looking back over the calculation we conclude that the Stokes function has 
the advantage in simplicity over the potential function, except for the case of 
the circular ring of § 44. 


1 STAPLE INN, LONDON, W. C., 
January 14, 1907. 
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